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Abstract

The beam impedance of monopole modes in a pipe with periodic, smooth and shallow
corrugation has been calculated. The approach uses an orthogonal TM field expansion
with Bessel functions and an impedance boundary condition, which takes into account
resistive wall effects. The approach is valid for corrugations with period lengths
larger, smaller and of the same order as the free space wavelength. The synergetic
effect of the surface resistivity and sinusoidal or non-sinusoidal corrugations has been
investigated. It is shown that these effects are nonlinear with respect to the beam
impedance but they are well approximated by a superposition of the equivalent
surface impedances. The concept of the equivalent surface impedance, which is
directly related to the beam impedance, is introduced. Wake functions and wake
potentials are calculated for several examples either by a pole expansion method (for
perfect conducting surfaces) or by a Fourier transformation. The convergence of the
approach is tested numerically and for one example the wake potential is compared
with a direct numerical computation. The wake field effects due to surface roughness
and conductivity in the TESLA-FEL beam pipe are estimated. This estimation takes
into account statistical properties of a real measured surface.

1. Introduction

A new generation of accelerators, particularly linacs used as FEL drivers of for linear
colliders, pushes the single bunch peak current into the kilo-Ampere regime. For
example, in the TESLA SASE FEL the peak current is 5kA, the rms bunch length is
25 µm and the normalized emittance is 1.6 mrad mm. The gain length is of the order
of 10…20 m and the undulator has a length of about 15 times the gain length. In small
beam pipes with a radius of a few mm induced wakefields may significantly increase
the beam energy spread or the emittance, and may interfere with the FEL process. A
larger beam pipe radius reduces the wakefields but it also reduces the achievable
undulator field strength so that the gain length, the undulator length and the costs are
increased. The sources of wakefields are the discontinuities of the beam pipe (e.g. for
diagnostics and the vacuum system) and the surface resistivity and roughness. Based
on the model of a periodically corrugated beam pipe we estimate the monopole wakes
caused by the resistivity and the surface roughness.

At present different models have been developed by K.Bane, C.Ng, A.Chao [1],
G.Stupakov [2], A.Novokhatski, M.Timm, T.Weiland [3] to study the effect of a
random surface roughness in a beam pipe, and by K.Bane, A.Novokhatski [4],
G.Stupakov [5] to calculate the wake in beam pipes with periodic surface structure.
These models are based on the assumption that all dimensions of the surface structure
(typical wavelength and amplitude) are small compared to the bunch length. This is
not necessarily fulfilled by real surfaces (e.g. [6]). Based on a simple TM field
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expansion with Bessel functions we calculate the beam impedance for smooth and
shallow corrugations of any period length. Usually such approaches are made for
systems of cylindrical pipes with piecewise constant radius. Therefore the calculation
domain is split into several segments with a field expansion for each segment. The
matching conditions at the interface planes lead to an infinite equation system, which
is usually truncated and solved numerically. For smooth and shallow corrugations this
approach can be significantly simplified because the boundary conditions at the pipe
surface can be fulfilled by only one field expansion for the whole domain. Even an
impedance boundary condition, which takes into account resistive wall losses, can be
considered without additional effort.

There are several methods to approximate the boundary condition by a truncated
Rayleigh expansion with 12 +N  basis fields. The 12 +N  unknown coefficients can
be calculated so that the rms error at the boundary is minimal (RMS-N
approximation) or that the lowest 12 +N  Fourier coefficients of the boundary error
vanish (Fourier-N approximation) or so that the Fourier coefficients of a linear
boundary approximation vanish (LB-N approximation). The beam impedance is
linearly related to one of these coefficients. Another useful quantity is the equivalent
surface impedance. It is defined by the quotient of the Fourier amplitudes of the
longitudinal electric field ∫ dzzjkzREz )exp(),( 0  and the azimuthal magnetic field

∫ dzzjkzRH )exp(),( 0ϕ  at the minimal pipe radius. There exists a simple

transformation that relates the beam and the surface impedance and there is also a
matrix transformation (for the coefficients of the Rayleigh expansion) so that the
surface impedance is linearly related to one of the transformed coefficients. The
transformed equation system is more suitable for a 1st order matrix inversion by
which an explicit formulation for the impedance is derived (LB-N,2nd approximation).

For several examples the beam impedance, the wake function or the wake potential is
calculated for sinusoidal corrugations. The beam impedance calculated by the LB-1
approximation agrees well with the results of higher order approximations for
frequencies below λ0c  (with λ  the corrugation wavelength). There is also an

agreement at higher frequencies with the exception of numerous very weak additional
resonances which are missed by the LB-1 approximation. These resonances have
almost no effect to the short range wake. Therefore the wake potentials calculated by
the LB-1 method and the RMS-5 method agree well. A good agreement is also found
for a non-sinusoidal surface. In contrast to this, the direct superposition of the
resistive wall wake (without corrugation) and of the wakes of sinusoidal corrugations
(for perfect electric boundary conditions) gives a significantly different result.

The measured surface structure of a 720x720 µm sample is used to estimate the
wakefield effects in an undulator beam pipe. This is possible with a formulation of the
LB-N,2nd approximation that depends not explicitly on a surface periodicity but on the
spectral power density of the surface function. Therefore the 2D- and 1D-
autocorrelation functions are computed and extrapolated to determine the spectral
power density by a Fourier transformation. The wakes of gaussian bunches with rms
length 25 µm in copper plated beam pipes with radii between 3 and 6 mm are
approximately 23% larger than in a resistive pipe without surface roughness. A
similar result is found for bunches with a more rectangular shape.
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2. Analytical Approach

We consider an infinite axially symmetric beam pipe with the z-dependent radius
)()( 0 zrRzR δ+= . 0R  is the averaged radius, the surface function )()( λδδ += zrzr

describes a periodic perturbation of the pipe radius with the period length λ . The
surface function has to be smooth (so that the EM fields are non singular) and it has to
be shallow (so that the field expansion, described in the following, converges). For

)(0 zRr <<  the EM fields have to fulfil the wave equation
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. An impedance boundary condition is used at

the surface of the corrugation: HZnE b

���
=×− . The boundary impedance bZ  relates

the longitudanal electric field and the azimuthal magnetic field. In general bZ

depends on the EM fields which are unknown. Only for beam pipes without
corrugation can it be shown that bZ  is quite well approximated by its asymptotical

value for ∞→0R :

( ) ( )ωεσωµω jjZb +=)( , (2)

with σ  the electric conductivity. In the following we use this approximation even for
corrugated pipes. The frequency dependent conductivity is ( )ωτσωσ j+= 1)( 0  with

�106.36 6
0 ⋅=σ , s1071.0  
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))(cos())(sin( ϕϕ +−= . The source of the

EM fields is an ultrarelativistic beam on the z-axis (approximations: 0cv → , no

transverse dimensions):
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with the wavenumber 00 ck ω=  and the beam current )(ωI  in the frequency domain.

The electromagnetic fields are approximated by a truncated field expansion with
12 +N  basis fields:
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and NNn  ... ,−= , λπ21 =k , 10, nkkk nz += , 2
,

2
0, nznr kkk −= . The basis field

{ }azara HEE ϕ,,  fulfils Maxwell’s equations and the boundary condition at 0=r , the

other basis fields { }nznrn HEE ϕ,,  also fulfil Maxwell’s equations and the homogeneous

boundary condition at the origin. This field expansion converges for all
))(min( zRr ≤ , but for smooth and shallow boundary perturbations it is even possible

to fulfil the outer boundary condition. Therefore the expansion coefficients nC  have

to be chosen so that the error at the outer boundary is minimized:
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The beam impedance (per length) relates the z -averaged longitudinal electric field to
the beam current:

( )
I

C

jI

ezrE
Z z

zjk
z 0

0
beam

1),( 0

ωε
ω =−= . (12)

As we are considering only monopole modes, this quantity is independent of the
radial offset r  of the integration. In this report the sign of the beam impedance is
defined so that the wake function

∫= ωωω
π

dcjsZsW )exp()(
2

1
)( 0beam (13)

is negative for infinitely small values of s . Therefore the negative beam impedance
has the properties of a two-terminal network [7].

2.1. Solution of the Boundary Problem

One possibility to approximate Eq. (9) is to minimize the RMS error at certain
boundary points )),(( ii zzR  with Ii ≤≤1  and λ<≤ iz0 :

min)(
2 →=∑

i
ii zdd . (14)

This is equivalent to the matrix equation

min→+ vMc (15)

with

)()( ˆ, inni zh=M , nn C=ˆ)(c  and )()( iai zh=v . (16)

The indices n  and later m  are shifted to 1ˆ ++= Nnn , 1ˆ ++= Nmm  so that the
numbering of matrix rows and columns starts at 1. The mathematics to solve Eq. (15)
is well known so that it is not described here. In the following we denote the beam
impedance calculated by Eqs. (12, 15) as RMS-N approximation. Another method is

to fulfil Eq. (9) for the Fourier coefficients { })(
~

zdFd mm =  with NNm  ... ,−=  and

{ } ∫
λ

λ 0
1 )exp()(

1
)( dzzjmkzdzdFm = . (17)

This leads to the linear equation

0vcM =+~~
(18)

with

{ })()
~

( ˆ,ˆ zhF nmnm =M  and { })()~( ˆ zhF amm =v . (19)

In the general case the Fourier integration cannot be done analytically but it has to be
solved on a discrete mesh λ<≤ iz0 . The beam impedance calculated by Eqs. (12,18)

is denoted in this report as Fourier-N approximation.

For loss-free boundaries ( 0b =Z ) and even surface functions ( )()( zrzr −=δδ ) it can

be shown that the real parts of ah  and nh  are even and the imaginary parts odd
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functions. Therefore the coefficients nC  are real numbers and the beam impedance

Eq. (12) is purely imaginary.

2.2. Equivalent Surface Impedance

Originally the boundary impedance )( ωjZb  is defined as the ratio of the longitudinal

electrical field to the azimuthal magnetic field on the surface of a pipe with constant
radius 0R . For corrugated beam pipes we define a similar quantity, the equivalent
surface impedance, as the quotient of the Fourier amplitudes of the longitudinal
electrical field and the azimuthal magnetic field at the minimal pipe radius:
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By substitution of Eq. (6) and (8) it follows immediately that
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For simplicity we use in the following: 00 )min()min( RrRR ≈+= δ . The equivalent

surface impedance and the beam impedance Eq. (12) are related by
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The equivalent surface impedance can be calculated directly from a transformation of
the matrix equation (19) as
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It is interesting to notice that the negative beam impedance can be written as a parallel
connection of the capacitance 2

00 RC πε=  and the impedance ( ) 0s 2 RZ πω (cf. Fig. 1a).

The energy loss per length of a point particle with the charge q  is

k
tot C

q
qkqW

2
22

2

1
)0( ==+− (24)
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with totk  the total loss-parameter and kC  the maximal parallel capacitance which can

be extracted from beamZ− , so that the residual impedance still has the properties of a

two-terminal network. Supposing no parallel capacitance can be extracted from sZ ,

the total loss-parameter is

2
00 2

1

2

1

RC
ktot πε

== . (25)

For example this is the case if sZ  can be expressed as a series connection of a two-

terminal network with an inductance Ljω  or as an infinite sum of parallel LC circuits

( )∑ − 22
, ωωωα nsnj  where the sum of pole coefficients is divergent (cf. Fig. 1b):

∞→∑ nα . (26)

2.3. Linear Boundary Approximation

The boundary functions )(zha  and )(zhn  can be linearized with respect to rδ  by a

substitution of the following approximation
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into Eq. (11):
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This approximation is valid if 0Rr <<δ , 1<<≈′ ϕδr  and 1, <<rk nr δ . The last

condition is fulfilled if λδπ <<)max(2 rn . Therefore this approximation can be used

for field expansions that converge with )2max( rN δπλ<< . To avoid the

)exp( 0, zjk z−  term in )(zha  and )(0 zh  we multiply the inverse factor (which is

)exp( 0 zjk ) with the boundary Eq. (9) and get
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For these modified boundary functions the Fourier coefficients, which are identical to
the matrix elements in Eq. (19), are explicitly given as:
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with mn,δ  the Kronecker delta function. The beam impedance calculated with the

linear boundary approximation and by Eqs. (12,18) is denoted as LB-N
approximation.

2.4. Pipe with Sinusoidal Corrugation and Perfect Electric Conductivity (PEC)

The Fourier coefficients of the surface function )cos( 1zkar =δ  of a pipe with
sinusoidal corrugation are:
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Therefore the matrix equation (18) has the following form for 1=N  and a beam pipe
with perfect electric conductivity ( 0=bZ ):
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The equivalent surface impedance follows with Eq. (23) as
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Eq. (22b) with Eq. (33) is the LB-1 approximation of the beam impedance for PEC
corrugations.

The total loss-parameter: Using the relation
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with nj ,0 the roots of )(0 xJ , Eq. (33) can be expressed as a pole expansion
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It is easy to see that the criterion Eq. (26) is fullfiled which means the total loss-
parameter totk  is 2

00 21 Rπε .

Wake function and wake potential: As the equivalent surface impedance can be
described by a LC network the negative beam impedance has the same propperty (cf.
Fig. 1b,c). Therefore the beam impedance can be written in the following form:
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with the loss-parameters nk  and the pole frequencies nω . The pole parameters nk ,
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and the wake potential for a Gaussian bunch with the rms length σ  is given by the
convolution
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with )(xg  the Gaussian normal distribution. In a numerical analysis it is not possible
to calculate the infinite series of pole parameters and to perform the infinite
summation, but one can take into account so many resonances that the truncated sum
of  loss-parameters approaches
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Another possibility is to calculate only the pole parameters in the spectrum of the
beam )(ωI  and to split the beam impedance into two parts
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which can be evaluated numerically ( PECbeam,Z  is given by Eqs. (22b, 33)). The

contribution of the first part to the wake potential can be computed as before (inverse
Fourier transformation of 1Z , convolution). ( )ω2Z  is smooth and non-singular for all
frequencies in the beam spectrum. Therefore the contribution of the second part can
be calculated by the inverse Fourier transformation of ( ) )(2 ωω IZ . In many cases the
second contribution is negligible.

It is interesting to compare Eq. (33) with the equivalent surface impedance of a planar
corrugation
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00planePEC,s, 4 rr k

j

k

jak
ZjkjZ ω . (41)

This formula is derived in [5] with similar approximations as used for Eq. (33). Both
formulas are in excellent agreement for λωλπω : 0 =< c . For one example the beam

impedances calculated by the LB-1 approximation and by Eqs. (22b,41) are compared
in Fig. 2. The first pole of the beam impedance is well approximated, but it can be
seen in Fig. 3 that there are many further poles above λω . Approximation Eq. (41)

can be used for the calculation of the wake function )(sW σ  if the bunch spectrum is

negligible for frequencies above λω . The pole sum ∑
=

=
n

m
mn kK

1

 is plotted in Fig. 4 as

function of the pole frequencies. For the given geometry parameters the higher poles
( 1>n ) contribute significantly to the impedance and the wake function in Fig. 5.

2.5. Pipe with Sinusoidal Corrugation and Finite Conductivity

For finite surface conductivity the matrix equation (18) has the following form
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Eq. (12) with 0C  calculated by Eq. (42) is the general formulation of the LB-1
approximation. The equivalent surface impedance can be written as the sum of the
boundary impedance, the equivalent surface impedance for PEC boundary conditions
and a residual term of the order bZa2 :

( ) ( ) ( ) ( )bb ZaOZZZ 2
PECs,s ++= ωωω .

For an aluminum beam pipe with radius mm5 0 =R  and sinusoidal corrugation

)2cos()( λπδ zazr = , m1 µ=a , m50 µλ =  the normalized boundary error, defined as

vvMc + ,

is calculated by the RMS-5 approximation. In Fig. 6 this error can be seen in the
frequency range λf�0 . For frequencies close to the first resonance ( λf86.0≈ ) the

error is of the order of 710− , for the rest of the frequency range it is well below this
value. This is similar in Fig. 7 with the error in a narrow frequency range around one
of the next resonances. In Fig. 8 and 9 the beam impedance is calculated for the same
frequency ranges by the RMS-5 and LB-1 method. Both methods are found to be in
excellent agreement.

The impedance and wake function of a corrugated pipe with PEC boundary and finite
conducting boundary are compared in Figs. 10, 11 and 12. The wake potential of a
gaussian bunch with m 25 µσ =s  is shown in Fig. 13 for the same example. (In this

report all wake potentials of pipes with finite conductivity are calculated by the
inverse Fourier transformation of )()(beam ωω IZ .) For this setup the wake potential of

a corrugated surface with finite conductivity is only roughly described by the sum of
the wake potential of a surface with PEC boundary condition and the resistive wall
wake potential of a pipe without corrugation. This can also be seen in Fig. 14 with the
wake potentials of a surface with different corrugation.

2.6. Non-sinusoidal Corrugations

The beam impedance of periodic, non-sinusoidal corrugations can be calculated with
the RMS-N, Fourier-N or LB-N approximation. In the following an explicit 2nd order

approximation of the impedance is derived. Therefore the matrix M̂  in Eq. (23) is
split into a diagonal matrix D̂  with main diagonal of M̂  and a residual matrix Ŵ :

WDM ˆˆˆ += , (43)
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{ }
{ }

( ) 
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


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=
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110
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ˆˆ

0,1
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0,0
ˆˆ

)(
)(

otherwise 

0 if  ˆ

otherwise )()(

0 if  1
ˆ

R

Zj
nmkkknm

k

RkJ
ZjRkJX

XrF

nZjrF

RkJ
k

Zj
RkJ

n

b

nr

nr
bnrnm

nmnm

bm
n,m

nr
rn

b
nr

n,n

ωεωε

δ
ωεδ

ωε

)W(

)D(

. (44)

The side bands of M̂  are proportional to the Fourier components of rδ . After a

normalization of the main diagonal MD ˆˆ 1−  the matrix is diagonal dominant if

{ } ( )( ) 1
)(

)(
10

0,0,

0,11 <<++− nmkknm
RkJk

RkJk
rF

nrnr

nr
nm δ ,

(for simplicity the terms proportional to sZ  are neglected). This is usually the case for

shallow corrugations, low order expansions and frequencies with 0)( 0,0 ≠RkJ nr ,

{ } 10 <<− krF nm δ . We use a 1st order approximation to invert the matrix:

( ) ( )
( ) ( ) ( )∑

+

=

−
+

−
+

−−−−

−−=

−−≈+−=
12

1

1
,1

1
100

111
0

1

0

~ˆˆˆ2~2ˆ

~ˆˆˆˆ2~ˆˆ2ˆ
N

k
kkNN�C

��

vDWDv

vDWDDvWDc
. (45)

As the vector v~  scales with the Fourier components of rδ  the result is a 2nd order
approximation (with respect to rδ ). The equivalent surface impedance follows from
Eq. (23a) as

{ } ( )
( ) ( )∑

−= +
−

−=
N

Nn rnnrbnr

bnn
bs kRkJZjRkJ

RZjknkrFX

j
ZjZ

0,100,0

0001

2

,0

0

1
)(

ωε
ωεδ

ωε
ω . (46)

The beam impedance calculated by Eqs. (22b,46) is denoted as LB-N,2nd

approximation. For sinusoidal corrugations with PEC boundary conditions it is
identical to the LB-1 approximation (which was derived with an exact matrix
inversion).

As the LB-N,2nd approximation is a linear function of the squared Fourier amplitudes

{ } 2
rFn δ  of the surface function, we can find another formulation that depends on the

spectral power density )(kSc  of rδ . The autocorrelation function and the spectral

power density are defined by:

∫
−∞→

−=
S

S
S

c dxsxrxr
S

sR )()(
1

lim)( δδ , (47a)

∫
∞

∞−

−= dsjkssRkS cc )exp()()( . (47b)
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)0(cR  is the rms value of rδ  and 0)0( =cS  because the mean value of the surface

function rδ  vanishes. The spectral power density of a periodic surface function is a
series of dirac pulses:

∑ −=
n

nc nkkrFkS )()(2)( 1δδπ . (48)

Only terms with Nn ≤  are taken into account by the LB-N,2nd approximation. The

equivalent surface impedance can be expressed by an integral

∫
∞

∞−

+= dskZSZZ kcbs ),()(
2
1

)( ωω
π

ω , (49)

with the kernel
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ZjkkZ
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



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









−+

=ω ,

( )20
2
0 kkkkr +−= , )( 000 RkJJ r= , )( 011 RkJJ r= . (50)

As the side bands of the matrix M
~

 (Eq. (19)) are also proportional to the Fourier
components of rδ  one can use a similar method to approximate 1~ −M  and to obtain
directly a 2nd order approximation of the beam impedance. The result is 021 Rπ−
times the equivalent surface impedance given by Eq. (46). This direct approximation
is less accurate than the LB-N,2nd approximation: e.g. the resonances found by the
LB-1 method are not estimated sufficiently and the sum of loss-parameters ∑ nk

diverges. There are two reasons why the method with the equivalent surface
impedance produces better results: M̂  fulfills the diagonal dominance better than M

~

although these matrices differ only in column N, and M
~

 is singular at the poles of

beamZ . Therefore the 1st order inversion of M
~

 is in principle not possible at the pole

frequencies, but the 1st order inversion of M̂  can be possible because sZ  is finite at

these frequencies. E.g. the LB-N,2nd approximation is identical to the LB-1
approximation of a sinusoidal corrugation with PEC boundary.

For one example the LB-N,2nd method is compared with the RMS-9 and LB-9
method. The wake potential of a gaussian bunch with �25 =σ  is calculated for an
aluminum beam pipe with the radius mm5 =R  and the surface function =)(zrδ

)�202cos(m18.0)�602cos(m6.0     zz πµπµ ± . For all methods and for both signs
in the rδ -function the wakes are almost plotted along the same curve, see Fig. 15.
The deviation between the RMS-9 calculations with different sign in the rδ -function
is less then V/(Cm) 107 10⋅ . For these parameters the LB-N,2nd method is quite
sufficient, but not the direct superposition of the wakes of sinusoidal PEC surfaces
and the resistive wall wake. The deviation of the direct superposition to the RMS-9
approximation is of the order of V/(Cm) 104 13⋅ .
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2.7. Higher Order Effects

Higher order approximations (RMS-N, Fourier-N and LB-N with N>1) find
resonances of the beam impedance for frequencies above λf2  (with λλ 2: 0cf = )

which are not observed by N = 1 approximations or by the LB-N,2nd method. Such
very sharp resonances can be seen in Fig. 16 with the beam impedance in a narrow
frequency range around λf2  of a pipe with sinusoidal corrugation. In this figure we

can distinguish broad resonances (at λf99135.1 , λf0013.2 ) which are calculated even

by the LB-1 method and sharp resonances (at λf99997.1 , λf00003.2 , λf00008.2 ,

λf00016.2 , …) which are seen only by the higher order method. These resonances

are related to poles of the equivalent surface impedance with a strength proportional
to 2a  (the broad resonances) and 4a  (the sharp resonaces), with a the amplitude of
the sinusoidal corrugation. At higher frequencies above λnf  appear further poles with

a strength proportional to na 2 .

A comparison of wake potentials computed by the RMS-5 and LB-1 method for a
period length m50 µλ =  and a gaussian bunch with  m6 µσ =  can be seen in Fig. 17.

For this example λf  is approximately 38% of the rms frequency of the bunch

spectrum. Therefore higher order resonances can be excited. Nevertheless the wakes
calculated by both methods differ by less then 1.2⋅1012

 V/(Cm). For this example the
contribution of the loss-parameters of the higher order resonances is negligible.

3. More Examples

3.1. Comparison with MAFIA [8]

A completely different calculation method for wake potentials is the numerical field
integration in time domain [8]. To avoid an extreme numerical effort for this method,
the ratios aλ , aσ  and aR0  should not be too large. Therefore wake potentials are

calculated for a PEC beam pipe with mm 50 =R , )mm12cos(m10)(   zzr πµδ =  and

gaussian bunches with the rms lengths m 250 µσ = , mm1 =λ . They are compared in
Fig. 18 and 19 with wake potentials calculated by the LB-1 method.

3.2. Corrugation Wavelength

The wake potential of a gaussian bunch with the rms length m 25 µσ =  in a PEC

beam pipe with the radius mm5 0 =R  can be seen in Fig. 20 for different sinusoidal

corrugations =)(zrδ  )2cos( λπza  with 02.0=λa  and λ  = 3,6,12,25,50,100,200

µm. The wake is normalized to ( )0
22 λεσRa . In the given parameter range the

normalized wake is of the order ( )0
221.0 λεσRa⋅ . The shape changes from inductive

for small values of  λ to resonant for σλ <≈ .  The wake has its largest magnitude if
the corrugation wavelength is approximately equal to the rms bunch length. For larger
corrugation wavelengths, multiple resonances of the beam impedance are excited. As
these resonances are very dense they have a similar effect to a continuous spectrum:
they cause a decaying contribution to the short range wake. Only the very first
resonance can be isolated and contributes to the wake with an undamped oscillation.
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4. TESLA FEL Beam Pipe

The measured surface structure [6] of a 720×720 µm sample of a steel pipe can be
seen in Fig. 21 as grayscale picture. The x,y,z coordinate system is cartesian with x
perpendicular to the surface and z parallel to the beam axis. The resolution in x,z
direction is 1.4 µm. The scaling of the x-axis can be seen in Fig. 22 with the two cuts

),0( zxδ , )0,(yxδ . The strongest contribution to xδ  comes from the curvature of the
pipe (y-direction) and a tilt in z-direction. Therefore we extract the curvature and tilt
to get the surface function ( )zqyqyqqzyxzyr zyy +++−= 2

20),(),( δδ .  The parameters

zyy qqqq ,,, 20  are chosen so that the mean value of rδ  is zero and the rms value is

minimal. The grayscale picture of rδ  can be seen in Fig. 23 and two 1D plots with
),0( zrδ , )0,(yrδ  are shown in Fig. 24. The y-axis corresponds to the azimuthal ϕ-

coordinate. The 2D autocorrelation function (ACF) is calculated by

∫
),(

2, ˆˆ)ˆ,ˆ()ˆ,ˆ(
),(

1
),(

zyA
Dc zdydzzyyrzyr

zyA
zyR −−= δδ .

Due to the limited sample size the integration area ),( zyA  depends on the arguments

of the ACF. For large distances 22 zy +  from the origin, A  is small and DcR 2,

uncertain. Therefore the domain of the grayscale picture of ),(2, zyR Dc  in Fig. 25 is

limited to points with m500 
22 µ≤+ zy . The amplitude of DcR 2,  can be seen in Fig.

26 with a 1D cut of DcR 2,  along the z-axis. The square root at the origin is the rms

value of the roughness m58.0)0,0(  2,rms µδ == DcRr . As the theory of this report is

developed for axially symmetric structures we use ),0(2, zR Dc  instead of the 1D ACF

)(zRc  defined by Eq. (47a). For simplicity we write ),0()( 2, zRzR Dcc = . As )(zRc  is

also uncertain for larger arguments we use three types of extrapolation, which are
plotted together with cR  in Fig. 26. These extrapolations start from m500 µ=z

(extrapolation 1), m300 µ=z  (extrapolation 2) and m200 µ=z  (extrapolation 3).
The extrapolation functions are chosen so that the mean value of the ACF vanishes.
The spectral power density )(kSc  is calculated by Eq. (47b). The integrated and

normalized power density

∫
k

k
c dkKS

r
kIS

−
= )(

1
:)(

2
rmsδ

describes the fractional contribution of wave numbers below k  to the total roughness
(cf. Fig. 27). About 80% of )0(2

rms cRr =δ  is caused by the spectrum below
-1

 
4 m106.2 ⋅=k  or by wavelengths larger then  m240 µλ = , only 10% of 2

rmsrδ  is

caused by the spectrum above -1
 

4 m107.4 ⋅=k  or by wavelengths shorter than
m134 µλ = . This means a bunch with the rms length m25 µσ =  is not short

compared to the typical wavelength of the surface structure. On the other side one
may doubt that the sample size of 720×720 µm is large enough to obtain a significant
surface description. To see the effect of the arbitrary extrapolation of the ACF we
calculate the wake potentials for all three extrapolations for a gaussian bunch with the
rms length m25 µσ =  in a copper plated beam pipe with different radii by the LB-
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N,2nd method. Figs. 28 and 29 show two results of such calculations together with the
resistive wall wake of a pipe with perfect surface. As the curves for different
extrapolations are almost identical we assume the wake potential is insensitive to the
type of extrapolation. Some characteristic parameters of the wake potential (for
extrapolation 3) are sumarized in the following tables:

resistive (cu)

gaussian bunch

)min( σW

V/pCm

)max( σW

V/pCm

σW

V/pCm

)(rms σW

V/pCm

mm3 0 =R -111 54.1 -44.9 56.7

mm4 0 =R -85.7 43.4 -34.9 44.1

mm5 0 =R -70.3 38.0 -29.0 36.5

mm6 0 =R -59.8 34.8 -25.2 31.3

resistive+rough

gaussian bunch

)min( σW

V/pCm

)max( σW

V/pCm

σW

V/pCm

)(rms σW

V/pCm

mm3 0 =R -129 69.6 -47.9 68.7

mm4 0 =R -99.7 58.2 -37.7 54.0

mm5 0 =R -82.0 52.6 -31.7 45.1

mm6 0 =R -69.8 48.8 -27.9 38.7

Similar calculations are done for a more rectangular bunch. The precise bunch shape
is calculated as the convolution ( )22rectrect"" )/()()( σσλλ σσ sgss ⊗=  of a rectangular

distribution ( )σλσ 321)(rect =s  for σ3<s  and a gaussian distribution )(xg  with

m25 µσ =  and m3 2 µσ = . Again the results are almost identical for all
extrapolations of the ACF. The bunch shape, the resistive wall wake and the wake in
a pipe with rough surface are shown in Figs. 30 and 31 for beam pipes of different
radii. The following tables list some characteristic parameters of the wake potential
(for extrapolation 3):

resistive (cu)

“rect.” Bunch

)min( σW

V/pCm

)max( σW

V/pCm

σW

V/pCm

)(rms σW

V/pCm

mm3 0 =R -235 219 -55.0 72.9

mm4 0 =R -159 133 -40.7 50.9

mm5 0 =R -117 98.7 -33.4 38.2

mm6 0 =R -91.1 81.4 -28.7 29.8
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resistive+rough

“rect.” Bunch

)min( σW

V/pCm

)max( σW

V/pCm

σW

V/pCm

)(rms σW

V/pCm

mm3 0 =R -264 228 58.6 88.5

mm4 0 =R -178 152 -45.2 62.0

mm5 0 =R -131 124 -38.1 45.7

mm6 0 =R -102 97.0 -32.0 35.8

5. Conclusion

Three different methods (RMS-N, Fourier-N, LB-N) have been developed to calculate
the monopole impedance and wake potential in beam pipes with periodical, smooth,
shallow corrugation and finite conductivity.  The numerical effort determined by a
linear equation system of the dimension 2N + 1 and the number of frequency points
which are needed for the inverse Fourier transformation. For all examples in this
report a good convergence was achieved for N < 10 or even N = 1. The LB-N,2nd

method uses a first order approximation for the solution of the equation system. It is
of 2nd order accuracy with respect to the impedance. This method is explicit. In this
approximation, the contributions of different Fourier components of the surface
structure to the equivalent surface impedance can be calculated independently from
each other. For various examples low order calculations where found in good
agreement with higher order calculations or with a time domain computation method.
Based on the statistical properties of a measured surface structure the wake fields in a
copper plated undulator beam pipe have been investigated. For the investigated
parameters the short range wake was increased by approximately 23% compared to a
resistive pipe without roughness.
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Fig. 1: Network description of the beam impedance and the equivalent surface
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Fig. 2: Beam Impedance: comparison of the LB-1 approximation (solid line) and Eqs.
(22b, 41) (dashed line). Configuration: PEC pipe, mm5 0 =R , )2cos()( λπδ zazr = ,

m1 µ=a , m50 µλ = .
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Fig. 3: The first higher resonances of the beam impedance: comparison of the LB-1
approximation (solid line) and Eqs. (22b, 41) (dashed line, only for 12 0 <cf λ ).

Configuration: same parameters as in Fig. 2.
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Fig. 5: Wake function calculated by the LB-1 approximation (solid line),  contribution
of the first resonance (dashed line). Configuration: same parameters as in Fig. 2.
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Fig. 6: Normalized boundary error vvMc +  of the RMS-5 approximation.

Configuration: same parameters as in Fig. 2, but with finite conductivity (aluminum).
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Fig. 7: Normalized boundary error vvMc +  of the RMS-5 approximation for one

of the first resonances above λ20c . Configuration: same parameters as in Fig. 2, but

with finite conductivity (aluminum).
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Fig. 8: Beam Impedance calculated by the RMS-5 and LB-1 approximation.
Configuration: same parameters as in Fig. 2, but with finite conductivity (aluminum).
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Fig. 9: Beam Impedance calculated by the RMS-5 and LB-1 approximation for one of
the first resonances above λ20c . Configuration: same parameters as in Fig. 2, but

with finite conductivity (aluminum).
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Fig. 10: Beam impedance calculated by the LB-1 approximation for perfect
conductivity (imaginary part: thick dashed line) and finite conductivity (real part:

solid line, imaginary part: dashed line). Configuration: same parameters as in Fig. 2,
but with PEC boundary or finite conductivity (aluminum).
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Fig. 11: One of the first resonances of the beam impedance above λ20c  calculated

by the LB-1 approximation: perfect conductivity (imaginary part: thick dashed line),
finite conductivity (real part: solid line, imaginary part: dashed line). Configuration:

same parameters as in Fig. 2, but with PEC boundary or finite conductivity
(aluminum).
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Fig. 12: Wake function calculated by the LB-1 approximation for perfect conductivity
(solid line) and finite conductivity (dashed line). Configuration: same parameters as in

Fig. 2, but with PEC boundary or finite conductivity (aluminum).
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Fig. 13: Wake potential calculated by the LB-1 method (dotted line) and the RMS-5
method (thick dashed line) for a pipe with finite conductivity. Wake potential in a
PEC pipe (LB-1, thin dashed line) and the sum of this wake and the resistive wall

wake (solid line). Configuration: aluminum pipe, mm5 0 =R , )2cos()( λπδ zazr = ,

m1 µ=a , m50 µλ = , gaussian bunch with m 25 µσ = .
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Fig. 14: Same curves as in Fig. 13 but for the configuration: aluminum pipe,
mm5 0 =R , )2cos()( λπδ zazr = , m2 µ=a , m10 µλ = , gaussian bunch with

m25 µσ = .
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Fig. 15: Wake potential of a non-sinusoidal corrugation calculated by the RMS-9, LB-
9 and LB-N,2nd method. All curves are plotted almost along the same line. The curves

labeled with ‘0deg’ and ‘180deg’ correspond to the two signs in the rδ -function.
Superposition of the resistive wall wake and the PEC wakes of individual sinusoidal

corrugations (dashed line). Configuration: aluminum pipe, mm5 =R , =)(zrδ
)�202cos(m18.0)�602cos(m6.0     zz πµπµ ± , gaussian bunch with m25  µσ = .
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Fig. 16: Higher order effects: beam impedance calculated by the RMS-5 and LB-1
method. Configuration: same parameters as in Fig. 13.
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Fig. 17: Wake potential calculated by the RMS-5 and LB-1 method, resistive wall
wake of a pipe without corrugation. Configuration: same parameters as in Fig. 13 but

for a bunch with the rms length m6 µσ = .
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Fig. 18: Wake potential calculated by MAFIA and by the LB-1 method.
Configuration: PEC pipe, mm5 0 =R , )2cos()( λπδ zazr = , m 10 µ=a , mm 1=λ ,

gaussian bunch with m 1m=σ .
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Fig. 19: Wake potential calculated by MAFIA and by the LB-1 method.
Configuration: PEC pipe, mm5 0 =R , )2cos()( λπδ zazr = , m 10 µ=a , mm 1=λ ,

gaussian bunch with �250 =σ .
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Fig. 20: Normalized wake potential of a pipe with various corrugation parameters
calculated by the LB-1 method. The wake is normalized to ( )0

22 λεσRa .

Configuration: PEC pipe, mm5 0 =R , )2cos()( λπδ zazr =  with 02.0=λa  and

� 200 100, 50, 25, 12, 6, 3,=λ .
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Fig. 21: Grayscale picture of a measured surface function ),( zyxδ  [6]. The sample
size is 720×720 µm, the resolution in y,z direction is 1.4 µm. The gray scale ranges

from 9 to 46 µm.

20

25

30

35

40

45

-300 -200 -100 0 100 200 300

dr
/u

m
  -

--
>

y/um,  z/um --->

y-axis
z-axis

Fig. 22: 1D cuts ),0( zxδ , )0,(yxδ  of the measured surface function in Fig. 21.
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Fig. 23: Surface function ( )zqyqyqqzyxzyr zyy +++−= 2
20),(),( δδ  after extraction

of the curvature (in azimuthal direction) and slope (in z direction). The gray scale
ranges from -2 to 2.8 µm.

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-300 -200 -100 0 100 200 300

dr
/u

m
  -

--
>

R0*phi/um,  z/um --->

R0*phi-axis
z-axis

Fig. 24: 1D cuts ),0( zrδ , )0,( 0ϕδ Ryr =  of the corrected surface function in Fig. 23.
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Fig. 25: 2D autocorrelation function ),( 02, zRyR Dc ϕ=  for points with

m500 
22 µ≤+ zy . The gray scale ranges from –(0.34 µm)2 to (0.58 µm)2.

-1e-13

0

1e-13

2e-13

3e-13

4e-13

0 200 400 600 800 1000 1200 1400

ak
f/

m
**

2 
 -

--
>

z/um --->

akf
extrapol. 1
extrapol. 2
extrapol. 3

Fig. 26: 1D cut ),0()( 2, zRzR Dcc =  of the ACF in Fig. 25 (thick line) and three

different extrapolations for large arguments.
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Fig. 28: Wake potential calculated by the LB-N,2nd method for three extrapolations of
the ACF (thin lines), resistive wall wake (thick line) of a perfect pipe. Configuration:

aluminum pipe, mm3 0 =R , random surface, gaussian bunch with m 25 µσ = .
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Fig. 29: Wake potential calculated by the LB-N,2nd method for three extrapolations of
the ACF (thin lines), resistive wall wake (thick line) of a perfect pipe. Configuration:

aluminum pipe, mm5 0 =R , random surface, gaussian bunch with m 25 µσ = .
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Fig. 30: Wake potential of a more rectangular bunch (solid line) calculated by the LB-
N,2nd method (dot dashed line) , resistive wall wake (thick line) of a perfect pipe.
Configuration: aluminum pipe, mm3 0 =R , random surface, bunch shape see text.
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Fig. 31: Wake potential of a more rectangular bunch (solid line) calculated by the LB-
N,2nd method (dot dashed line) , resistive wall wake (thick line) of a perfect pipe.
Configuration: aluminum pipe, mm5 0 =R , random surface, bunch shape see text


