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Abstract

The paper presents calculations of the rate of energy diffusion in the electron
beam due to quantum fluctuations of undulator radiation. The cases of a helical
and a planar undulator are considered. Universal fitting formulae are obtained valid
for an arbitrary value of the undulator parameter.
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1 Introduction

When relativistic electron beam passes through the undulator, it emits radi-
ation. This process leads to the decrease of the mean energy of electrons and
to the increase of energy spread in the beam due to quantum fluctuations of
undulator radiation. The latter effect grows significantly with the increasing
of energy of the electron beam, the field and the length of the undulator. This
effect should be carefully taken into account when designing systems equipped
with undulators. For instance, the effect of energy diffusion imposes a funda-
mental limit on a minimal achievable wavelength in an X-ray free electron
laser [1]. There is a tendency to increase the number of undulators installed
at storage rings and effect of energy diffusion in undulators could influence
significantly on the parameters of the electron beam. There exists an idea
that the fourth generation of synchrotron light sources will be based on linear
accelerators and sequential use of electron beam in some number of undulators
[2]. Peculiar feature of these sources is in high energy of electron beams (up
to several tens of GeV) and long undulators. The effect of energy diffusion
will be certainly significant in this case. This effect could be also important in
the positron generation system of linear colliders, because of a large undulator
length and high energy of electron beam [3,4}. So, we can conclude that the
problem of precise calculation of energy diffusion in an undulator is of great
practical importance.

For the first time coefficient of energy diffusion due to quantum fluctuations
of synchrotron radiation has been calculated in ref. [5]. This expression is also
valid for calculation of energy diffusion in the undulator at large values of the
undulator parameter. At small values of undulator parameter the coeflicient
of energy diffusion could be simply derived using approximation of Thompson
scattering of equivalent photons on electrons [6,7]. In practice, the parameters
of devices are frequently lying in an intermediate region and in this paper
we consider the case of arbitrary value of the undulator parameter. Using the
results of numerical calculations, we have obtained universal fitting formulae
for a helical and a planar undulator providing a high accuracy.



TESLA FEL Report 1996-05

2 Basic equations

We consider ultrarelativistic electron beam propagating in an undulator. The
mean energy loss of the electron is given by (in CGS units):

df/dt = —2ricy?H?[3 | (1)

where 7, = e?/me? is classical radius of the electron, £ is the energy of the
electron, v = £/mc? is relativistic factor and —e and m are the charge and
the mass of the electron, respectively. Magnetic field f}(z) = (Hy, Hy, H,) at
the undulator axis has the following form:

" (Hy cos(kwz), —Hy sin(kwz),0) for a helical undulator

H(z) =

(Hy cos(kwz),0,0) for a planar undulator,

where H,, is the amplitude of the magnetic field, £, = 27/, and A is the
undulator period. The intensity of undulator radiation I is equal to the rate
of mean energy losses of the electron:

dI
g /dw% — _d&/dt .

QQuantum nature of radiation leads to the growth of energy spread in the
electron beam. The rate of energy diffusion is given by the expression:

d< (662> dI
The spectral intensity of an undulator radiation df/dw was calculated in ref.

[8]. To calculate the rate of the energy diffusion, we use expressions for dI/dw
obtained in ref. [8] at the following approximations:

i) Ultrarelativistic case is considered, v 3 1.

i1) An angle between the electron transverse velocity and undulator axis is
small, i.e. K/y < 1, where K = eH, /ksmc?® is the undulator parameter.

iii) Number of the undulator periods is large, so the spectrum broadening due
to the finite number of periods is neglected.
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3 Helical undulator

For the case of a helical undulator the expression for the rate of energy diffusion
can be written in the following form:

d < (67)2 >

_ 1 4,3 -2
7 = 15c3£crefy ko, K*F(K) , (3)

where X, = k/me. It is important to notice that the energy diffusion is ex-
pressed in terms of dimensionless function F/(K) of the only undulator pa-
rameter ' which is consequence of the fact that the spectrum shape of the
undulator radiation is defined with the only parameter K. Function F'(K) has
the following form:

1

_60 1 .3 2| 2 n? L4 K%Y
() = P S e+ (5 -1 i)

where J, and J are the Bessel function and its derivative, respectively and

2K o

The plot of this function is presented in Fig.1. For the cases of small and large
values of the undulator parameter K, there exist well known asymptotes [5-T7):

F(K) = 1 Cat K <« 1 ®)

275 ~
112\@}( ~ 142K at K > 1.

In the general case there is no possibility to obtain analytical expression and
we write the following fitting formula:

1

F(K) = 102K + e ke (6)

This formula provides an accuracy better than 1 % in the whole range of
parameter K (see Fig.1).
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Fig. 1. Function F(K') for helical undulator. Solid curve is calculated with formula
(4), the circles are calculations with fitting formula (6) and dotted curve is calculated
with asymptotic formula (5) for large values of K.

4 Planar undulator

For the case of a planar undulator the expression for the rate of energy diffusion
can be written in the following form: '

d<(év)*> 1

i 4.3 52
pn 156)&3"67 kK F(K) . (7)

Universal function FI(K) given with the expression *:

1
120 1 N
where
27
_ 1 _ (51 +232/n)2 2 2
Gn = gofgndsb, 95 = 40 g)cosd ySr — 515

! There is misprint in the corresponding expression (14) for df/dw in ref. [8]. There
should be minus sign inside the square brackets in the expression for function f(y).
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FK)

Fig. 2. Function F(K') for planar undulator. Solid curve is calculated with formula

(8), the circles are calculations with fitting formula (10) and dotted curve is calcu
lated with asymptotic formula (9) for large values of K

Z Jp(2) Tnyap(), Z pdp(2)Jnp2p(T),
p=—00 p=—co
K?
z = ny/y(l — y)cose, 2= —————ny
1+K2/2 41+ K%/2)

The plot of this function is presented in Fig.2. For the cases of small and large
values of the undulator parameter K, there exist the following asymptotes

275

FlK) = 1 at K <1 )
PR ~ 120K at K> 1.

In the general case function F(K) is fitted with the following formula

- 1
F(K) = L20K + 1+ 1.33K + 0.40K2° (10)

providing an accuracy better than 1 % in the whole range of parameter K
(see Fig.2).
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