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Calculation of Coherent Synchrotron Radiation in the

TTF-FEL Bunch Compressor Magnet Chicanes

M.Dohlus, T. Limberg

Deutsches Elektronen Synchrotron, Notkestr. 85, 22607 Hamburg, Germany

Abstract

The bunch compression system in the TTF-FEL decreases the bunch length in order to

achieve the high peak currents needed for the SASE FEL process. Along the curved

trajectories in the bunch compressor magnet chicanes, these short bunches will start to

radiate coherently. In this paper, a numerical calculation of the characteristics of this

radiation is presented. One-dimensional bunch models are not su�cient for near �eld

e�ects in particular cannot completely explain the power ow to the EM �eld, but they

can be used to estimate the radiation in the far region. For the calculation of the power

ow, in presence of shielding by horizontal conducting planes, and of the far-�eld, a two-

dimensional bunch with time dependent shape was simulated.

1 Introduction

A bunch of ultra-relativistic charged particles radiates incoherent as well as coherent syn-

chrotron light. The incoherent radiation is calculated using a point particle model, leading

to the radiated power

Pi =
1

6�

e2c0

"0

N4

R2
0

with N the number of particles,  the relativistic factor and R0 the bending radius. As

the typical wavelength is of the order of the `critical wavelength' �c = 4�
3

R0

3
, which is

usually small compared to the dimensions of the structure and even to the mean particle

distance, this radiation is independent of the shape of the vacuum chamber and bunch.

In contrast to this, the spectral components with wavelength of the order of the bunch

dimensions have to be calculated from a continuous model (e.g.[1, 2]). Although the bunch

length needed for FEL applications is signi�cantly smaller than the beam pipe dimensions,

the interaction length due to the retarded position of source particles is typically of the

order of Lo =
3

q
24R2

0� (with the RMS bunch length �) and therefore usually not small

compared to the chamber size.

In section 2 the coherently radiated synchrotron light power is calculated for bunches

in circular motion (CM-case) and the power transfer to the EM �eld for a TESLA bunch

1
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compressor III design (BC-case). In both cases the e�ect of shielding by horizontal per-

fectly electric conducting (PEC) planes is investigated. For the CM-case with a rigid

one-dimensional bunch, compact expressions for the radiated power and its spectrum can

be formulated, in which only the shielding functions have to be integrated numerically.

The BC-case is much more complex as the essentially two-dimensional charge distribu-

tion changes its shape over the hole length of the device. Therefore the E-�eld in the

compressor is integrated numerically for a set of sub-bunches with individual paths.

In the section 3 the electrical far-�eld in forward direction is derived and time signals

as well as spectra are calculated for the BC-case, using the sub-bunch approach.

2 Power Flow to the EM Field

The electrical �eld ~E(~r; t) of a charge distribution �(~r; t) with a given motion ~v(~r; t) can

be calculated directly from the retarded potential approach:

~E(~r; t) = �rV � _~A = �r
1

4�"

Z
�(~r 0; t0)

k~r � ~r 0k
dV 0 �

�

4�

Z
_�(~r 0; t0)~v(~r 0; t0)

k~r � ~r 0k
dV 0 : (1)

This integration can be simpli�ed for the case of a rigid one-dimensional bunch with the

charge density �(s; t) = �(s� �ct), traveling on a general path ~rs(s):

~E(~r; t) =
1

4�"0

Z �
��0

R
(�~e� ~n) +

�

R2
~n

�
ds (2)

with ~R = ~r � ~rs(s), ~n = ~R=R, ~e = @~rs(s)=@s and � = �(s + �(R � c0t)). To avoid the

singularity of the kernel, the �eld is split into ~E2 = ~E fpath = ~rs(s0) + (s� s0)~e(s0)g and
~E1 = ~E fpath = ~rs(s)g � ~E2. The reference point ~rs(s0) is the point of the path which is

closest to the observation point. The �eld ~E1 is integrated numerically while an analytical

expression is used for ~E2.

According to Maxwell's equations the total change of electro-magnetic �eld energy is

d

dt
W�eld = P (t) = �

Z
~E(~r; t) � ~J(~r; t) dV : (3)

This includes `synchrotron light radiation' as well as the change of energy of the �eld

which guides the beam. With the longitudinal electrical �eld E(u; t) = ~E(~rs(u); t) � ~e(u)
the power ow caused by an one-dimensional beam can be written as

P (t) = ��c0
Z
E(u; t)�(u� �c0t)du : (4)

2.1 Circular Motion

As the electrical �eld guiding a rigid one-dimensional bunch in circular motion is station-

ary, all power P (t) =: Pc is radiated into the far range. The e�ect of horizontal PEC planes

at z = �h=2 is taken into account by mirror charges (�1)�� at z = �h. The coherently

radiated power is:

Pc =
�(5=6)

4�3=2 3
p
6

e2c0

"0

N2

R
2=3
0 �4=3

� S1
�

h
3
p
R0�2

�
; (5)
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with the shielding function

S1(x) = 1�
3
p
6

4�(5=6)

1X
�=1

(�1)�(�x)5=2
Z 0

�1

e
�

(�x)3

4

�
s
3

24
�

1
2s

�  
s4

24
�

1

2

!
ds (6)

as plotted in Fig.1. The essential approximations to derive this formula are: � � �c,

� ! 1 and �(s+ R � c0t) ' �((s � u)3=24R2
0 � �h=2(s � u) � c0t) for s < u. The same

approach leads to the spectral power density

pc(!) / 3
p
! Ff�(c0t)g2 � S2

 
h 3

s
!2

c20R0

!
(7)

with the spectral shielding function

S2(x) = 1�
1

6
p
3�(2=3)

1X
�=1

(�1)��x
Z 0

�1

sin

 
(�x)3=2

 
s3

24
�

1

2s

!!
sds ; (8)

which is also plotted in Fig.1.

For the end of the TESLA bunch compressor III design (see Tab. 1 where � = 50�m

and R0 = 29:233m) the following values can be calculated: The incoherent radiated power

Pi is 0.35W while 54 kW are radiated coherently (Pc). A shielding with horizontal planes

h = 10mm apart, reduces this radiation to Pc = 23:3kW. The half of this power is radiated

in the frequency range between 0.81THz and 1.24THz with the maximal spectral density

at 0.96 THz.

2.2 TESLA Bunch Compressor III

A third stage of the bunch compression system for the TESLA FEL is composed of a

chicane of four magnets with parameters as listed in Tab. 1. Fig. 2 plots the bunch

lengths projected in the direction of motion �long and in the perpendicular direction �trans
along the compressor. For a simulation of the compression process, the bunch has to be

synthesized by a set of sub-bunches with the length �sub, each with a di�erent longitudinal

o�set at the entrance of the compressor, a di�erent energy and a di�erent path. This

approach leads to the two-dimensional charge distribution sketched in Fig. 2. As the �eld

energy of a at beam in linear motion (with the velocity of light) is

Wlinear =
q0

4�3=2"0�ls
ln

�
�ls C

�sub�trans

�
(9)

with �ls =
q
�2long + �2sub and C is dependent on the geometry of the beam pipe, the

conversion of a 1D to a 2D beam would lead to an in�nite loss of �eld energy (or gain

of kinetic energy). To avoid this unphysical behavior of the model, the longitudinal �eld

is observed at a vertical o�set of 20�m which corresponds approximately to a transversal

width
p
2=�20�m ' 16�m of the sub-bunches (for more details see [1]). The result of a

simulation with 500 sub-bunches (�sub = 16:7�m) is shown in Fig.3. It has been veri�ed,

that the calculated power exchange in the compressor (1m< s <19m) is insensitive to the

parameters of the sub-bunches, but of course the e�ects at the entrance and exit depend

strongly on the transverse dimensions of the bunch before and after compression.

3
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To demonstrate the invalidity of a one-dimensional approach, the power exchange of a

single line bunch with the local length as given by Fig.2 is shown as a dashed curve in Fig.3.

Especially at the end of the third magnet the �long(s)-model underestimates the power

transfer. The agreement at the end of the fourth magnet is good because the bunch length

is approximately constant and the transverse beam dimensions are de�ned by the width

of the sub-bunches. The small deviation is caused by the slightly longer bunch lengthq
�2long + �2sub of the sub-bunch approach. For the drift spaces, the di�erence between the

one and two-dimensional models can partially be explained by the power ow to space

charge �elds: Ps = @Wlinear=@�trans � @�trans=@t. This formula is valid for an adiabatic

transverse compression. As the particle motion in the drift spaces is linear, the �eld

contribution ~E2 describes all e�ects with exception of the interaction with �elds which

have been radiated in the arcs. Therefore Ps can also be evaluated by
R
~E2 � ~JdV which is

plotted as a dotted curve in Fig.3.

For the second half of the compressor, the shielding e�ect of horizontal PEC planes

with a separation of h is investigated. Even with shielding, the transfer of kinetic energy

to �eld energy is maximal at the end of the third magnet where the ratio �trans=�long is

extreme (see the + curve in Fig.3 and Fig.4). The shielding in the middle of the third

drift space seems to be very e�cient but this is caused by local interference. At the end

of drift space the power ow is approximately Ps which is needed for the energy stored in

the near �elds. At the beginning of the last magnet a strong oscillation appears until the

steady state value is reached as estimated in section 2.1.

3 Far-�eld Radiation

The far-�eld radiation to the point ~rf = ~rs(s0)+X~e(s0) of a one-dimensional bunch passing

the point ~rs(s0) is calculated based on the assumption ~n(s) = ~n(s0) + O((�s=X)2) '
~n(s0) =: ~n0 for s1 � s � s2. The interval [s1; s2] is the location of the retarded bunch.

Therefore the �eld component Et = ~E � ~et, perpendicular to the observer-source direction

~n, is given by

Et =
1

4�"0

Z
R�1�0 sin(')ds ; (10)

with sin(') = ~e(s) � ~et and � ! 1. The factor R�1 can be taken as const = X�1 only for

s2 � s1 � X . Nevertheless this approximation allows a qualitative estimate, even when

this condition is not fully satis�ed e.g. if X is of the order of few meters. Eqn. (10) is

most sensitive to the approximation used in the argument of the line charge density:

�0 = �0
�
s0 +X � c0t+

1

2

Z s

s0

'(�)2d�

�
: (11)

A typical property of the far-�eld is its insensitivity to o�sets perpendicular to the source-

observer direction, so that only longitudinal properties of the beam (/ �long see Fig.2)

can be detected! To get more information of the compression process in TESLA BC3,

one can either compare the radiation from di�erent positions along the chicane or vary

the initial energy spread. The time functions and spectra in Fig.5 are calculated by the

sub-bunch approach without further simpli�cations. The radiation in the direction of the

drift spaces, caused by the arcs before and behind, is seen as single pulse (curve a and c).

4
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In other directions (e.g. tangential to the 13m position, see curve b) the radiation can be

distinguished in time. According to this, the spectrum (curve d) has a strong modulation.

4 Summary

The power ow to the EM �eld and the far-�eld radiation of a two-dimensional bunch with

time dependent pro�le has been calculated for a third stage of the TESLA FEL bunch

compressor. One-dimensional bunch models are not su�cient to describe near �elds, the

power ow and the shielding e�ect by horizontal PEC planes. This has been demonstrated

by two examples: 1D bunch in circular motion, 1D bunch in BC3 with local length �long(s).

Especially in the drift spaces, where the bunch changes only its transverse dimensions, a

signi�cant contribution of the power exchange is needed for the near �eld which guides the

beam. In contrast to this, the far-�eld observed in the longitudinal direction is insensitive

to transverse bunch dimensions.
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bunch charge C 10�9

compression �m 250 ! 50

energy MeV 516

linear energy spread �E=E 0.001893

magnet length m 3

deection angle deg 5.88

length of drift space 1 & 3 m 3

length of drift space 2 m 2

Table 1: Parameters of a design for the third stage of the TESLA FEL bunch compression

system.
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at 18m, (c) s0 = 15:5m. (d) Fourier spectra of time signals (b).
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Design Consequences of Coherent Synchrotron

Radiation Beam Dynamic E�ects on the

TTF-FEL Bunch Compression System

M. Dohlus, A. Kabel, T. Limberg

Deutsches Elektronen-Synchrotron Notkestr. 85, 22607 Hamburg, Germany

Abstract

The emittance of a coherently radiating electron bunch is increased by self-

induced longitudinal and radial wake �elds with strong variations along the

longitudinal axis[1, 2, 4]. We have written a numerical code which calculates

�elds and resulting emittance growth in transverse and longitudinal phase

space. In this paper, we describe parameter optimization for the Tesla Test

Facility FEL[3] bunch compression system to minimize emittance growth.

The induced longitudinal wake potential in the center of a gaussian line

charge of length �s on a circular trajectory with radius R scales with

Wj /
1

�
4=3

s R2=3

and the 'critical height' of the vacuum chamber where shielding sets in is

given by

hc = 4
p
3(�s

p
R)2=3;

so larger bending radii will alleviate emittance growth but will considerably

lengthen the compression sections. Thus, numerical calculations taking into

account the three-dimensional bunch shape, transition regions going into

bending magnets and shielding e�ects are needed.

10

TESLA FEL-Report 1997-06



1 Introduction

The TTF-FEL requires a single bunch peak current of 2500 Amperes for the

SASE process. This is achieved by compressing the bunches longitudinally

to 50�m length. This compression is done in 'bunch compressors': magnet

chicanes where particles of di�erent energy have di�erent path lengths so

that the bunch length can be adjusted by inducing a longitudinal energy

gradient.

The bunch compression in the TTF-FEL is done in stages. A �rst rather

small bunch compressor (BC1) ensures that the bunch length is at the re-

quired 0.8 mm at the 20 MeV point. At an energy of ca. 150 MeV, the bunch

is compressed from 0.8 mm to 0.25 mm in bunch compressor 2. Both these

bunch compressors are already frozen where length and bending radii are

concerned. The third bunch compressor at a beam energy of about 500 MeV

where the �nal compression to 50�m takes place, has a length restriction of

around 25 meters total but is still in the design phase.

The induced correlated energy spread is at least partly transformed into

non-correlated energy spread by the compression process. Since the tolerable

energy spread at the entrance of the TTF-FEL wiggler is only 0.1%, the path

length di�erence per particle energy o�set must be su�cient. That, given

overall length limitations, makes the use of strong bending magnets with

relatively small bending radii (of the order of meters) attractive.

The �rst e�ect to put a lower limit on bending radii R over a length

L in a beam line is energy spread and emittance growth due to incoherent

synchrotron radiation. The energy spread at a beam of energy of E = mec
2

is increased by:

�E � 1:94 � 10�14MeVm

s
7L

R3

while transverse emittance increases as:

�(") � 4:04 10�8
m2

GeV6
E

6
L

R3
H (1)

with

H =
1

L

Z
L

0

1

�(s)

�
D(s)2 + (�(s)D(s)0 + �(s)D(s))

2
�
ds (2)

and � the beam envelope function, � its derivative and D the dispersion

function. These e�ects would limit the bending radii for bunch compressor 3

11
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to one meter (to keep transverse emittance growth below 1%). That would

�t a symmetric chicane for a required longitudinal compression factor R56 =

0:15 within three meters.

However, if short bunches travel along trajectories with small bending

radii a simple geometrical condition permits strong longitudinal and radial

wake �elds to act on the bunch: electro magnetic �elds emitted by a particle

can 'overtake' on a shorter straight trajectory and interact with particles

which are ahead in the bunch. The bunch then starts to radiate coherently.

The longitudinal variation of the wake �elds causes a correlated bunch

deformation in longitudinal-transversal phase space. We will call that in this

paper 'correlated emittance' growth. For moderate growth (<25%), this leads

to an increase of the size of the photon cone. Since the cooperation length is

short compared with the bunch length, the laser power is to �rst order not

e�ected. For larger deformation, the coherent betatron oscillations in the

undulato of the bunch regions with big transverse o�sets disturb the overlap

of radiated �eld and particle trajectory which is necessary for the SASE

process. So parts of the bunch will not lase, overall power will drop. The

transverse variation of the wake acts on the bunch like any non-linear �eld

and causes non-correlated emittance growth inside the bunch slices. This

emittance growth directly inuences the SASE process.

2 Coherent Synchrotron Radiation in the Com-

pression System of the TTF-FEL

2.1 Bunch compressor 2

Bunch compressor 2 had to be �t into a �ve meter long space while providing

a longitudinal compression factor regime of 0:12 < R56 < 0:24 [6]. Calcula-

tion on the e�ect of coherent synchrotron radiation wake �elds were done at

a setting of R56 = 0:14 and a corresponding bending radius of 1.6 meters[4].

It was shown that in order to keep correlated emittance growth small, the

coherent radiation has to be shielded with a narrow gap vacuum chamber of

8 mm height. Without any shielding, the correlated emittance reaches more

than �ve times the incoming transverse emittance of 1mm-mrad normalized.

The observed increase in transverse emittance due to radial variations of the

�elds was found less than a few percent.

Besides introducing an aperture inconvenient for machine operation, the
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narrow gap vacuum chamber also excites wake �elds due to the necessary

steps to lower the chamber pro�le from the L-Band iris diameter into the

chamber and to open it up again. For the BC2 we have calculated these

�elds with a simple model of stepping in and out of an iris and �nd the

induced correlated energy spread is comparable or less than the nonlinearity

of the RF (and of opposite sign) and is not going to disturb the bunching

process[7].

2.2 Bunch compressor 3

2.2.1 Shielding and Longitudinal Compression

The longitudinal compression factor (R56) of a symmetric chicane is given by

R56 = 2 � (L
R
)2 � (�L+

2

3
� L)

where L is the bending magnet length, R the bending radius and �L the

drift length in between bending magnets. To shield coherent synchrotron

radiation e�ectively for a bunch of length �s, the vacuum chamber hight

must be less than

hc = 4
p
3(�s

p
R)2=3;

where the �elds are reduced by a factor between two and four [5]. To keep

hc at a reasonable size so that no severe aperture limitation is introduced to

the beam line sets a lower limit for the bending radius R. The total length

of a symmetric chicane scales then quadratically with the necessary hc for a

�xed R56:

LTotal = (
3

10
R56)

1=3 � h
2

c

(3:7 � �s)4=3

For bunch compressor 3, total chicane length and bending radius are plotted

in Fig.1 vs. hc for a longitudinal compression factor R56 = 0:15, the upper-

most to be required from the compression system design. For that case, a

total length of 20 m is needed.

2.2.2 Emittance growth calculations

In the following calculations, bunch compressor 3 is a symmetric chicane with

3 m long bending magnets with deection angles of 5.9 degrees (correspond-

ing to a bending radius of 29.4 m) and 3 m long straight sections between the
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bending magnets. A linear correlated energy spread of 1:9 � 10�3 compresses

an incoming bunch with �s = 250�m length to �s = 50�m.

For the calculation of correlated emittance growth, the bunch is repre-

sented by 51 sub-bunches, each being a two-dimensional Gaussian charge

distribution (horizontal and longitudinal). At the compressor entrance, the

sub-bunches are lined up longitudinally over a range of �3�s, modeling an

incoming straight bunch.

The sub-bunches are then tracked through the bunch compressor, sim-

ulating the compression process in the dispersive section. The generated

wake-�elds are calculated and applied to the sub-bunch trajectories. Track-

ing is still not self-consistent, i.e., the �elds are not re-calculated using the

perturbed trajectories and then re-applied and so forth.

Fig.4 shows this distribution in phase space weighted with the relative

bunch charge. In the core region, horizontal position and angle are strongly

correlated. This optical mismatch has to be compensated for by the subse-

quent beam line optics. At the compressor end, the RMS-sizes of the distri-

bution of the sub-bunch centers are �x;correlated = 190�m and �x0;correlated =

37�rad which compare with the sub-bunch sizes of �x = 113�m and �x0 =

13�rad at a �-function of 10 meters.

The situation is altered signi�cantly as soon as shielding is introduced.

The simulations described above were also done with a vacuum chamber,

consisting of a pair of conductive plates 8mm apart, parallel to each other

and to the plane of motion.

Figures 3 and 4 correspond to 2 and 5, respectively. The induced energy

spread has decreased by a factor of two.

Figure 6 compares the beams' phase-space distributions at the end of the

compressor section. The area of the included phase-space has decreased dras-

tically. For the RMS values, we �nd �
shielded

x;correlated
= 50�m and �

shielded

x0;correlated
=

37�rad. The phase-space distibution still is highly correlated in the area of

high statistical weight.

2.2.3 Vacuum chamber heat load

For the above case of a bunch compressor 3 with a total length of 20 meters,

bending radii of ca. 30 meters and a R56 of 0.15 the radiated power vs.

position is shown in Fig.7. The cw heat load is given by

Pcw = Pbunch � tbunch �
nbunch

sec
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where Pbunch is the power radiated by a single bunch and tbunch the bunch

length in time. If we take the bunch length to be 100�m and thus tbunch
to be ca. 0.4 ps (FWHM) and the number of bunches nbunch per second as

70000 (ten cycles of 7000 bunches), the average power comes out to be only

fractions of a Watt.

3 Conclusion

Correlated emittance growth due to coherent synchrotron radiation deter-

mines the choice of the bending radius of the compressor chicane magnets

and thus the length of the system. The correlated emittance growth is ac-

companied by an optical mismatch which has to be compensated by the

subsequent beam line optics. The heat load of the vacuum chamber due to

coherent synchrotron radiation should be negligible if parameters have been

chosen which avoid strong correlated emittance blow up.
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Figure 1: Bending radius and total length of magnet chicane vs. critical

height of vacuum chamber for the case of TTF-FEL bunch compressor 3

(�nal bunch length �s = 50�m, longitudinal compression factor R56 = 0:15)
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Beam Based Alignment Procedure for an Undulator with

Superimposed FODO Lattice
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Notkestra�e 85, 22603 Hamburg, Germany

Abstract

Since the FEL process is based on the interaction of an electron beam with the photon

beam, an excellent spatial overlap of the two beams is mandatory. The aim of beam based

alignment techniques is to determine the relative o�set of beam position monitors with

respect to the magnetic axis of quadrupole magnets by means of beam observations. A

local and a global procedure to correct the e�ect of misalignments and �eld errors on the

beam orbit will be presented and compared.

1 Introduction

At Deutsches Elektronen-Synchrotron (DESY) a large e�ort is dedicated to build a Free Electron
Laser (FEL) starting up from noise, i.e. in the so-called Self-Ampli�ed Spontaneous Emission

(SASE) mode [1]. The superconducting TTF accelerator will in its �nal stage deliver an electron
beam with an energy of 1 GeV. In the �rst stage, however, only a part of the accelerator will
be built for a proof-of-principle experiment at 300 MeV to 390 MeV. For this stage a 15 m long
undulator is under construction. Table 1 summarizes relevant parameters for the undulator and
the beam optics. For the �nal stage at 1 GeV the undulator will be extended to about 30 m.

The FEL process requires a high density of the electron beam, which is achieved by focusing

the beam size to about 50�m inside the undulator. This requires quadrupoles with a spacing
of 0.5 m realized with permanent magnets integrated into the undulator structure [2]. Besides
a strong focusing, a good overlap of the electron beam trajectory with the photon beam is

required for the FEL process. A reduction of the overlap may be caused by magnetic errors
of the undulator �eld and by alignment errors (o�sets) of the quadrupole magnets. Simulation

studies [3] indicate that the rms deviation of the electron beam from a straight line has to be
below 10�m at least over the length of one undulator module (4.5 m). For the correction of the

electron orbit Beam Position Monitors (BPMs) and corrector magnets will be integrated into
the undulator vacuum chamber. Due to the geometrical constrains inside the undulator gap, it

is impossible to optimize the position of the BPM and the corrector independently.

While the resolution of the BPMs might allow relative measurements of 1�m accuracy, the

absolute alignment of the BPMs is expected to be of the order of 100�m. In this paper we

discuss methods to achieve the required alignment of the electron beam by means of beam
based alignment techniques. The aim is to determine the relative o�set between BPMs and

the magnetic axis of quadrupole magnets from beam observations. While the o�set information
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Table 1: Undulator and optics parameters for the TTF FEL at 300 MeV (Phase I).
Undulator

number of modules 3 (6)

length of module 4.5 m

period length 27.3 mm
undulator peak �eld 0.497 T
peak �eld error �B/B � 4 � 10�3

Quadrupole

number per module 10
length 136.5 mm

separation 341 mm
o�set error � 50�m

integrated strength 2.5 T
focal length 0.4 m

Optics

�max 1.5 m
�min 0.5 m

phase advance per FODO cell 65�

betatron wavelength � 6.3 m

could be used to improve the mechanical alignment of the components it is in general su�cient
to correct orbit errors with the corrector magnets, i.e. the o�set information is the basis for

improved trajectory corrections. Therefore, beam based alignment procedures mediate between
classical accelerator alignment and orbit correction techniques.

In the following, two procedures will be discussed and compared: a local [4] and a global
correction technique [5]. In the �rst approach one corrector after the other is optimized and the
beam is forced onto a straight line de�ned by the position and angle of the incoming beam before

the undulator. In case of the global correction the e�ect of each corrector onto the downstream
beam orbit is taken into account and the beam is forced onto the line de�ned by the average
position of the quadrupoles.

2 Local Correction

Figure 1 shows schematically the correction method in the �rst half FODO cell of the undulator.
The position of the beam at the BPM located in the center of the next quadrupole is given in

thin lens approximation by

x1 = x0 + x
0

0 � s+
Kq

p
� sq +

X
i

Di

p
� si +

C

p
� sc

where x0 and x
0

0 are the beam initial conditions at the entrance of the quadrupole. HereKq is the

kick generated by the quadrupole, Di are the dipole kicks and C is the kick of the corrector. p
denotes the momentum of the beam and s, sq, si and sc indicate the distance from each element

to the BPM. In order to have the beam onto a straight line, x1 = x0 + x
0

0 � s and the sum of all

kicks has to be zero. Obviously, this is the case when the measured beam position at the next
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Figure 1: Schematic overview of the local beam based alignment. At the BPM positions the

beam continues in the direction of the incident beam.

BPM is independent of the beam energy. Thus the beam can easily be forced onto a straight

line at the positions of the BPMs. (It will, of course, deviate from a straight line in between

the BPMs.) Note that while the position at the BPMs is independent of energy the angle will

slightly change when the energy is changed. This in conjunction with the thick lens behavior of
the quadrupoles will lead to a slow drift from a straight line. A simple way to determine the
required excitation of the corrector coil is to measure the beam position at the next BPM as

function of the excitation for two di�erent energies (typically with 10% energy variation). The
intersection of both measured lines indicates the required corrector setting. The lines can be
determined with very high accuracy even if the BPM resolution is not very good by taking more
measurement points. Since the beam is forced to follow the incoming beam vector its trajectory
can in principle be far o� axis at the end of the undulator. In this case, the corrector settings will
show a linear growing amplitude in order to compensate the quadrupole orbit kicks. Therefore,

a beam trajectory far o� axis can be detected and corrected in a second step. Thus, it is also
possible to correct displacements of individual undulator modules.

3 Global dispersion correction using Micado algorithm

Micado [6] is an algorithm used to correct the orbit in storage rings. This algorithm searches for
a set of corrector strengths which minimizes the beam position at the BPMs. Here, Micado is
applied at the undulator of the TTF-FEL in order to solve the system of linear equations

di +
NcorrX
j=1

aijcj = 0 for i = 1; :::; Nmon (1)

with Nmon the number of BPMs and Ncorr the number of correctors. The vector cj represents
the corrector strengths to be calculated and the vector di is given by the measured dispersion at

the BPMs. The correction matrix aij is calculated as

aij =
xi(E ��E)� xi(E)

�E=E

�����
cj = 1

for i = 1; :::; Nmon and j = 1; :::; Ncorr

where xi is the beam displacement due to the corrector strength cj and �E is energy change used

for dispersion measurements. A �E about 20% is needed in order to obtain precise dispersion

measurements. For BPMs with less resolution, �E needs to be larger.
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In linear transfer lines, the correction matrix is triangular, i.e., aij = 0 for j � i. In the case

of the TTF-FEL with Nmon = Ncorr = 30, the dispersion correction is local because the solution

of the system of equations is:

c1 =
�d2

a21
; c2 =

�d3 � a31c1

a32
; : : : ; ci =

1

ai+1;i

0
@�di+1 �

i�1X
j=1

ai+1;j cj

1
A

In the case that Nmon = Ncorr, each corrector i cancels the dispersion measured at BPM i + 1

and corrects the dispersion created by upstream correctors at this BPM. Thus, the dispersion

is vanishing at the BPMs. However, the orbit is not corrected because the dispersion correction

introduces dispersion bumps between BPMs which lead to orbit distortions.

The dispersion can be corrected better in the whole beam line by limiting the number of

correctors used in each iteration with Micado to four or �ve. Then, the dispersion correction is

global, since Micado tries to minimize the dispersion measured at 30 BPMs with a maximum of

�ve correctors. After 15 or 20 iterations with Micado, the beam is well aligned. Since the e�ect

of each corrector in all monitors has to be small, the corrector strengths are minimized and the

beam is forced onto the line de�ned by the average position of the quadrupoles.

The beam alignment obtained in the simulations is further improved using only the correctors

at the focusing quadrupoles, i.e., with Ncorr = 16. In this case, the correction is also global, since

Nmon > Ncorr and needs only one iteration with Micado.
With 16 correctors, the number of BPMs can be reduced by half. However, with one BPM

per focusing quadrupole the number of BPMs and the number of correctors are equal and the
correction is again local. Using two more BPMs at the end of the undulator avoids this situation
and forces a global correction. The con�guration of 16 correctors and 17 BPMs is shown in �g. 2.

Horizontal
plane

Vertical
plane

Beam

Beam . . .

. . .

. . .

1 2 3 4 29 30 3127 28

Figure 2: Undulator con�guration with 16 correctors (triangles) and 17 BPMs (crossed circles).

The rms beam orbit obtained in simulations with Nmon = 17 is in average similar as with

Nmon = 30. However, the beam position measurement can not be decoupled and one has to
choose whether the BPMs are installed at the horizontal or at the vertical focusing quadrupoles.

If the BPMs are placed at horizontal focusing quadrupoles, the resulting vertical orbit rms is
about 10% larger than with 30 BPMs (at 300 MeV).

4 Simulation results

The upper limit of quadrupole alignment assumed in this paper is �50�m. The undulator

dipole �eld error has been distributed randomly with a �B=B rms of 0.4%, with the �rst and
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the second �eld integrals, proportional to the beam deviation from a straight line, corrected to

zero every 10 undulator periods. In this correction, the inuence of the quadrupoles has not been

taken into account. Therefore, one can assume that the quadrupole o�sets are the main source

of errors. A monitor resolution of 1 �m rms is included in the simulations. The simulations are

carried out at the beam energy of 300 MeV. With higher beam energies, the beam alignment is

expected to be better since the e�ect on the orbit of quadrupole misalignment and undulator

�eld errors is smaller.
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Figure 3: Example of a beam trajectory before (solid line) and after global correction (dashed

line). A similar result is obtained with the local correction method (16.6�m).

The simulation programs for the local and the global correction were developed independently

by the authors. An example of orbit correction with the global method is shown in �g. 3. Both

programs give identical results for the uncorrected orbit using the same input of random errors.
Using the global method the rms orbit after correction is about 14 �m. A similar result is
obtained with the local method with a rms orbit of 17 �m.

The results of simulations of both methods using 50 sets of random errors are shown in �g. 4.

As can be seen, the results with the local method exceed the required beam alignment by a
factor two, whereas the global method meets the desired beam alignment. Both programs used

give approximately the same results when 30 correctors and BPMs are used. The additional
constrains in the global procedure result in a better alignment. In case of the local method,

additional correction procedures can use correlations between the calculated corrector settings
to reduce the overall misalignment. This would result in a narrowed distribution and a reduction

of the average rms. This procedure has also been successfully employed to �nd initial beam o�sets

and angles as well as displacement or rotation of individual undulator modules.
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Figure 4: Histogram of rms beam orbits for 50 random seeds with the local correction method

(top) and the global correction method (bottom).
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5 Conclusions

Based on simulation results, beam based alignment procedures can provide the required beam

alignment needed at the TTF FEL undulator. The local correction procedure is limited by the

fact that the weak and rather long correctors do not overlap with the quadrupoles. This leads

to energy dependent angles in the quadrupoles, which act as thick lenses, and a deviation of the

trajectory from the ideal straight line. With correctors overlapping the quadrupoles it would

be possible to correct the orbit well below 10 �m even with a poor BPM resolution. The local

procedure requires one corrector and one BPM per quadrupole. The global correction procedure

allows, however, to reduce the number of correctors and BPMs inside the undulator by a factor

of � 2. It meets the FEL speci�cations and is compatible with all hardware constrains that arise

due to the integration of the BPMs and correctors into the undulator gap.
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Abstract

Within the TESLA Linear Collider concept X-ray FELs together with di�erent kinds of conventional undulators

and wigglers will serve as radiation sources for an X-ray user facility which is considered as integrated part of the

laboratory. Parameters of these radiation sources exceed signi�cantly those available at present.

1. Introduction

Nowadays there exist two proposals for an X-ray FEL

operating in an �A wavelength region [1, 2]. The

project of a 6 nm Self Ampli�ed Spontaneous Emission

(SASE) free electron laser (FEL) is now under con-

struction at the TESLA Test Facility at DESY [3, 4].

This project is considered as a step towards an X-

ray FEL which is planned to be integrated into the

TESLA-500 linear collider project [2]. It is planned to

organize simultaneous operation of the TESLA linear

accelerator for high energy physics and for generation

of powerful coherent radiation (see Fig. 1).

Fig. 1. Schematic layout of X-ray laboratory at TESLA.

Starting points for optimization of FEL parame-

ters are the tunability of radiation from 15 �A down

to a fraction of Angstrom, normalized emittance of

1� mm mrad, energy spread in the electron beam of

1 MeV, the value of the peak current of 5 kA and the

available electron energy (in the range of 10 { 25 GeV

and 25 { 50 GeV for the �rst and the second beamline,

respectively). The main factors inuencing the choice

of the FEL parameters are di�raction e�ects, quan-

tum uctuations of undulator radiation and technical

limitations on manufacturing of the undulator and the

external focussing system.

2. Limitations of an X-ray FEL operation

The peculiarity of the region of parameters of an X-

ray FEL at a Linear Collider is that the space charge

�elds do not inuence signi�cantly the FEL process

and optimization of the FEL parameters can be per-

formed by taking into account only di�raction e�ects

and the longitudinal velocity spread in the electron

beam (which occurs due to the emittance and energy

spread in the beam). When the latter e�ect is negligi-

ble, the FEL operation is described with three param-
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Fig. 2. The dependence of the maximum �eld gain on the
di�raction parameter B. Curve (1) { TEM00 mode, curve
(2) { TEM10 mode and curve (3) { TEM01 mode.

eters: the gain parameter �, the di�raction parameter

B and the e�ciency parameter �3D [5]:
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Here � = 2�c=! is the radiation wavelength, I is the

beam current, IA = mc
3

=e ' 17 kA is Alfven's current

and 
2

z
= 

2

=(1 +K
2). In this paper all formulae are

written for the case of a helical undulator.

To provide full transverse coherence of the output

radiation, it is necessary to provide mode selection.

Figure 2 shows the relative dependence of the �eld

gain for di�erent radiation modes on the value of the

di�raction parameter B. It is seen from this plot that

obtaining full transverse coherence at high values of

the di�raction parameter becomes problematic.

2.1. Limit 1

The e�ect of the longitudinal velocity spread (due to

energy spread and emittance) imposes a limit on the

minimal achievable wavelength in the FEL ampli�er

[6]. When designing X-ray free electron laser operat-

ing at the wavelength around 1 �A one should take into

account that the energy spread in the electron beam is

increased due to quantum uctuations of the undula-

tor radiation. This e�ect grows drastically with energy

and imposes a principle limit on achieving very short

wavelengths. Even in the case of zero initial energy

spread the minimal achievable wavelength is about [6]:

Fig. 3. Di�raction parameter B for a 1 �A FEL with planar
undulator versus the energy of the electron beam. Curve
(1) { �w = 3:5 cm, curve (2) { �w = 4 cm, curve (3)
{ �w = 5 cm, curve (4) { �w = 6 cm and curve (5) {
�w = 7 cm.

�min ' 45� [�cre]
1=5

L
�7=15
w

h
�
2

n
IA

I

i
8=15

; (2)

or, in practical units

�min[�A] ' 4
��n[mm mrad]p

I[kA]Lw[m]
;

where �c = �h=mc.

3. Parameters for an X-ray FEL laboratory

at TESLA

The theoretical considerations formulated in the pre-

vious sections formed the basis for parameter studies

for di�erent X-ray FELs. A more detailed optimiza-

tion of the output characteristics has been performed

using numerical simulation codes FS2R and TDA3D

[7, 8, 9]. During steady-state simulations the value of

the e�ective power of shot noise has been chosen in

accordance to [10, 11]:

Wsh '
3
p
4��2Pb

N�

p
ln(N�=�)

; (3)

where � = �3DB
�1=3 is the saturation parameter of

the one-dimensional theory [12], Pb = mec
2

I=e is

the power of the electron beam and N� = I�=(ec).

While it is not a signi�cant problem to optimize

the parameters of SASE FEL operating at a wave-

length of a few Angstrom, optimization becomes com-

plicated for an 1 �AFEL because of the strong inu-

ence of the quantum uctuations of undulator radi-

ation. For the electron beam of the TESLA FEL
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Fig. 4. Saturation length for a 1 �A FEL with planar un-
dulator versus the energy of the electron beam. Curve
(1) { �w = 3:5 cm, curve (2) { �w = 4 cm, curve (3)
{ �w = 5 cm, curve (4) { �w = 6 cm and curve (5) {
�w = 7 cm.

Fig. 5. External focussing beta function for a 1 �A FEL with
planar undulator versus the energy of the electron beam.

Curve (1) { �w = 3:5 cm, curve (2) { �w = 4 cm, curve
(3) { �w = 5 cm, curve (4) { �w = 6 cm and curve (5) {

�w = 7 cm.

(1�mm mrad rms normalized emittance, 1 MeV rms

energy spread, 5 kA peak current) and at an undu-

lator length Lw � 50 � 100 m the operation of the

X-ray FEL at the wavelength near 1 �A becomes possi-

ble at an electron energy of about 12 GeV [6] and an

undulator period larger than 3 cm. Figures 3, 4 and

5 illustrate the dependence of the di�raction param-

eter, the saturation length and the external focussing

beta function as a function of energy for di�erent un-

dulator periods. Analysis of Figs. 2 and 3 shows that

reliable operation of an 1 �A FEL providing full trans-

verse coherence of the radiation becomes possible only

at relatively high energies of approximately 25 GeV.

Parameters of the 1 �AFEL ampli�er operating at the

electron beam energy of 25 GeV are presented in Ta-

ble 1. Undulator tapering is nesessray because the

large energy loss of the electron due to incoherent un-

dulator radiation. Tuning of the electron beam energy

in the limits of 25 GeV { 10 GeV allows to tune the

radiation wavelength in the range of 1 �A { 6.25 �A.

Parameters of an FEL ampli�er, covering the radia-

tion wavelength >from 2.4 �A to 15 �A, are presented in

Table 1. The choice of parameters of this FEL ampli-

�er is de�ned mainly by limitations due to quantum

uctuations of undulator radiation, while there is no

signi�cant problem to provide full transverse coher-

ence of the radiation.

It should be noticed that the undulators for the low

energy beamline could be manufactured as planar or

as helical. Both designs are within the limits of the

present day technology (see next section).

In the present design an option for a 1 �A FEL at the

high energy beamline (25 GeV { 50 GeV) is considered

as a perspective allowing to achieve higher radiation

power (see Table 1). The undulator for this FEL am-

pli�er is a helical one which makes FEL operation less

sensitive to the quantum uctuations of the undula-

tor radiation. A peculiar feature of this FEL ampli�er

is that the energy spread in the electron beam at the

undulator exit exceeds signi�cantly the initial energy

spread. It means that requirements for the value of

the initial energy spread in the electron beam could be

relaxed signi�cantly compared with the requirements

for operation at lower energy of electron beam (see

Table 1). Another argument in the favor of a higher

energy option for the driving electron beam refers to

the improvement of the transverse coherence of the ra-

diation and the reduced sensitivity to undulator �eld

errors.

In case an even smaller wavelength is required by

future users, the present design can be easily extended

to harmonic generation in a second undulator, using

the fact that the electron beam is already bunched by

the FEL interaction [13, 14]. The bunched electron

beam contains fourier components at all higher har-

monics. Therefore, a short undulator tuned to either

second or third harmonic could extend the wavelength

range down to 0.3�A. In principle, going to even higher

harmonics is conceivable.

Simulations have been performed for the two un-

dulators of beamline I, employing the same undula-

tor period as for the fundamental wavelength, with as

only di�erence a changed undulator parameter K to

tune to the proper wavelength. The most important
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results, extending the wavelength range to 0.33 �A, are

shown in Table 2.

As can be seen, the additional undulator length

needed is only some ten percent of the length required

for 1 �A radiation. The peak power is still in the or-

der of a GW, approximately two orders of magnitude

below the saturation power of the fundamental. Sim-

ulations for 10 GeV, or for both energies for undulator

II show similar results.

The ux reduction from fundamental to third har-

monic for an energy of 10 GeV is two orders of mag-

nitude. For the 25 GeV case, the ux in the third

harmonic is only two orders of magnitude larger than

spontaneous emission. For higher electron beam en-

ergies (undulator III), the power is again in the GW

range, with a corresponding increase in ux by an or-

der of magnitude. The only way to extend the wave-

length range to smaller wavelengths with a larger peak

power is to generate it >from an initially unbunched

beam, with an undulator length increased by an order

of magnitude.
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Table 1. X-ray free electron lasers at TESLA
Units U1 U2 U3

Electron beam
Energy GeV 10/25 10/25 25/50
Peak current kA 5
rms bunch length �m 23
Bunch separation ns 93
# of bunches per train # 11315
Repetition rate Hz 5
Normalized rms emittance � mm mrad 1
External �-function m 6/15 8/20 7.5/15
rms beam radius �m 18 20 12
rms energy spread (entrance) MeV 1 1 1/4
rms energy spread (exit) MeV 1.1/3.5 1.1/3.5 3/18
Energy loss in undulator (SR) MeV 1.7/27 1.7/27 22/185

Undulator
Type planar planar helical
Period cm 5 7 7
Peak magnetic �eld T 0.887 0.85 0.785
Undulator parameter # 4.14 5.55 5.13

Coherent radiation

Wavelength �A 6.25/1 15/2.4 4/1
Saturation length m 33 /87 35/87 45/95

Peak power GW 74 /65 85 280/200
Average power kW 0.9 /0.8 1 3.4/2.4

rms spot size at the undulator exit �m 27/25 28 21/17
rms angular divergence �rad 3.6/0.75 6/1.4 3.2/0.8

Bandwidth % 0.2 0.2 0.2
Peak spectral brilliance B� 1.2/6.6 0.57/3.5 7/20
Average spectral brilliance B�� 1.4/8 0.68/4.2 8.5/24

Incoherent radiation
Average SR power kW 0.1/1.6 0.1/1.6 1.3/11

�In units of 1033 photons/sec/mrad2/mm2/(0.1 % band-
width).
��In units of 1025 photons/sec/mrad2/mm2/(0.1 % band-
width).

Table 2. Harmonic generation at 25 GeV
Units 2nd harm. 3rd harm.

Undulator
Type planar planar

Period cm 5 5
K-parameter # 2.84 2.25

Radiation

Wavelength �A 0.5 0.33

Peak power GW 3 0.2
Saturation length m 11 12

Peak ux� # 8:6� 1023 3:3� 1022

Peak brilliance�� # 6:9� 1032 6:0� 1031

Average brilliance�� # 8:3� 1024 7:2� 1023

�In units of photons/sec.
��In units of photons/sec/mrad2/mm2/(0.1 % band-

width).
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Abstract

A novel scheme of a two-stage single-pass SASE FEL has been proposed in paper [1]. The scheme consists of
two undulators and an X-ray monochromator located between them. The process of ampli�cation in a two stage

SASE FEL starts from noise as in the case of conventional SASE FEL, but characteristics of the output radiation

di�er signi�cantly from those of conventional SASE FEL. It is shown in this paper that the output radiation
from a two-stage SASE FEL possesses all the features which usually refer to laser radiation: full transverse and

longitudinal coherence of the radiation within the radiation pulse and stability of the output power.

1. Introduction

Free-electron laser technique provides the possibility

to extend the energy range of lasers into the X-ray

regime using a single-pass FEL ampli�er scheme start-

ing from noise [2, 3, 4, 5]. One particular feature of the

FEL ampli�er is its rather large ampli�cation band-

width. This can be considered an advantage when

the FEL ampli�er ampli�es the narrow bandwidth ra-

diation of a master laser, but in the case when the

process of ampli�cation starts from noise, it produces

relatively wide band output radiation. For instance,

the bandwidth of the 6 nm conventional single-pass

SASE FEL at DESY would be about 0.5 %. The

shape of the spectrum is not smooth but spiked. To

perform experiments which require a narrow band-

width of the output radiation, a monochromator has

to be installed at the FEL ampli�er exit. The shot-

to-shot uctuations of the radiation power after this

monochromator will increase with increasing energy

resolution. Moreover, conventional X-ray optical el-

ements will su�er from heat load due to the high

output radiation power and probably �lters have to

be installed before the monochromator. As a result,

the brilliance of the FEL radiation available at the

experimental station might be reduced signi�cantly.

A novel scheme of a two-stage single-pass SASE

FEL has been proposed in paper [1]. The FEL scheme

consists of two undulators and an X-ray monochro-

mator located between them (see Fig.1). The �rst

undulator operates in the linear regime of ampli�ca-

tion starting from noise and the output radiation has

the usual SASE properties. After the exit of the �rst

undulator the electron is guided through a bypass and

the X-ray beam enters the monochromator which se-

lects a narrow band of radiation. At the entrance of

the second undulator the monochromatic X-ray beam

is combined with the electron beam and is ampli�ed

up to the saturation level.

Fig. 1. The principal scheme of a single-pass two-stage
SASE X-ray FEL with monochromator.
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In this paper we study characteristics of the output

radiation from a two-stage SASE FEL. Operation of

a two-stage SASE FEL is illustrated for the example

of the 6 nm option SASE FEL at the TESLA Test

Facility under construction at DESY [3, 4].

2. Operation of a two-stage SASE FEL at

DESY

Optimization of parameters for a two-stage SASE FEL

at the TESLA Test Facility at DESY has been per-

formed in ref. [1]. All main parameters of the electron

beam (peak current, energy spread and emittance)

and of the undulator (period, magnetic �eld and ex-

ternal focusing) are identical to those of a single-pass

SASE FEL at DESY [3].

The �rst stage of the SASE FEL of 12 m length op-

erates in a linear high-gain regime with a power gain of

G(1)
' 105. This value is by 1000 times less than the

power gain at saturation, Gsat(SASE) ' 108. At such

a choice of the power gain in the �rst stage the energy

spread induced by the FEL process is ��E=E ' 10�4

which is much less than the initial energy spread in

the beam, �E=E=E ' 10�3. Fluctuations of the beam

current act as input signal, and the e�ective power of

shot noise at the undulator entrance is equal to 100 W.

The output power averaged over the radiation pulse is

equal to 10 MW. The spectral bandwidth of the out-

put radiation is about (��=�)SASE ' 0:5%. Output

radiation from the �rst stage has full transverse coher-

ence and transverse distribution of the radiation �eld

corresponds to fundamental TEM00 mode of the FEL

ampli�er.

The monochromator for the TTF-FEL should be

able to select any energy between ' 50 eV and '

200 eV with a resolution �!=! ' 5� 10�5. Rowland

circle grating monochromator appears to be ideally

suited for this purpose since the magni�cation of the

spherical grating is always unity, independent of wave-

length. A preliminary estimation of the transmission

shows that a value of the order of 10 % is realistic: for

all mirrors we use carbon coatings and grazing angles

of incidence of ' 40, giving a reectivity of 90 % for

each mirror. Assuming a grating e�ciency of 15 %

and �ve mirrors with 90 % reectivity we obtain a

total transmission of nearly 9 %.

The modulation of the electron beam induced in

the �rst undulator is suppressed prior arrival of the

electron bunch to the entrance of the second undu-

lator. This is possible because of the �nite value of

the natural energy spread in the beam and special

design of the electron bypass. As a result, at the cho-

sen parameters for the �rst stage of the SASE FEL

and the monochromator the radiation power from the

monochromator dominates signi�cantly over the shot

noise and the residual electron bunching, and the sec-

ond stage of the FEL ampli�er operates in the steady-

state regime.

3. Characteristics of the output radiation

The characteristics of the two-stage SASE FEL op-

erating at saturation are presented in Figs.2{6. The

FEL process in the second stage has been calculated

using the 2-D steady-state code FS2R [6]. Application

of the steady-state approach is justi�ed by the fact

that the bandwidth of the radiation at the entrance of

the second stage is much less than the bandwidth of

the FEL ampli�er.

The �rst undulator of the two-stage SASE FEL op-

erates in the high gain linear regime starting from

noise. The probability for a certain power P (t) at a

time t at the output of the �rst undulator is given by

the negative exponential probability density function

[7]:

w(P )dP = exp(�P=hP i)dP=hP i ;

where hP (t)i is the temporal pro�le of the radia-

tion pulse and h: : :i denotes shot-to-shot averaging.

The monochromator does not change this distribution

since it is merely a linear �lter. However, it changes

the characteristic time scale to (�=c)(��=�)�1m be-

cause its bandwidth (��=�)m is considerably smaller

than that of the FEL ampli�er. This also ensures that

the second ampli�er works in the steady state regime.

The radiation power at the exit of the monochroma-

tor (averaged over shot-to-shot uctuations) is much

Fig. 2. Average output power at the exit of the second
stage of the two-stage FEL ampli�er as a function of un-

dulator length (solid curve). The input power uctuates
in accordance with the negative exponential distribution
with the average value of 10 kW. The dashed curve repre-
sents the output power of the FEL ampli�er operating in
the steady-state regime at the value of input power Pin =
10 kW.
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Fig. 3. The dependence of the standard deviation of the
uctuations of the output power as a function of the un-
dulator length (�2

P
= hP 2 � hP i2i=hP i2).

Fig. 4. Dependence of the output power on the input power

for the FEL ampli�er operating in the steady-state regime,
(1): For an undulator length Lw = 14 m, (2): Lw = 16 m,

(3): Lw = 20 m. Nominal input power P0 = 10 kW.

larger than the e�ective power of shot noise at the

entrance of the second undulator. Therefore, the sec-

ond stage operates in the steady-state regime with the

probability close to unity.

The dependence of the average (shot-to-shot) out-

put radiation power on the undulator length of the

second stage is presented in Fig. 2. The input power

uctuates in accordance with the negative exponen-

tial distribution with the average value of 10 kW. It

is seen from Fig. 3 that the uctuations of the output

power reduce signi�cantly when the second stage of

the FEL ampli�er operates in a nonlinear mode. This

feature can be simply understood when one plots the

dependence of the output power on the input power

for the FEL ampli�er operating in the steady-state

regime (Fig. 4). It is seen that a higher stability of

the output radiation power can be achieved by increas-

ing the length of the undulator. In Fig. 5 we present

Fig. 5. The probability density function of the output ra-
diation of the two-stage SASE FEL for di�erent lengths of
the second undulator. Curve (1) is the probability density
function of the input radiation (negative exponential dis-
tribution), and curves (2) and (3) correspond to a length
of the second undulator of L = 14 m and L = 16 m, re-
spectively.

the probability density function for the output radi-

ation power1. It is seen that in the nonlinear mode

of operation the distribution shrinks. For instance, at

a length of the second undulator of 20 m, the mean-

squared uctuations of the output power are below

10 %. In the case under study the length of the longi-

tudinal coherence is about the same as the length of

the radiation pulse, so shot-to-shot uctuations of the

energy of the radiation pulse show the same behaviour

as the uctuations of the radiation power.

Fig.6 presents the spectral distribution of the en-

ergy in one radiation pulse of the FEL ampli�er oper-

ating in the steady-state regime for an input power Pin

= 10 kW and an undulator length Lw = 16 m (satura-

tion point). Curve 2 in this plot represents the typical

spectrum of a conventional SASE FEL operating at

saturation. The output radiation power of the two-

stage SASE FEL is close to that of the conventional

SASE FEL while the spectral bandwidth is by two or-

ders of magnitude narrower. Thus, the brilliance of

the output radiation exceeds the corresponding value

of a conventional SASE FEL by two orders of magni-

1In the case under study the probability density func-
tion of the input radiation power is given by the negative
exponential distribution, so the probability density func-
tion of the output radiation power is given by the expres-
sion:

w(Pout) =
1

< Pin >

X
n

exp

h
�P

(n)

in
(Pout)= < Pin >

i
j
dP

(n)

in

dPout
j ;

where the sum over n must be taken over all branches of
the function Pin(Pout) (see Fig. 4). The singularities of the
probability density functions plotted in Fig. 5 correspond
to the saturation point in Fig. 4 where jdPout=dPinj = 0.
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Fig. 6. Spectral distribution (1) of the energy in one radi-
ation pulse of the FEL ampli�er operating in the steady-
state regime for an input power Pin = 10 kW and an un-
dulator length Lw = 16 m (saturation point). Curve (2)
presents the typical spectrum of a conventional SASE FEL
operating at saturation.

tude. The spectral bandwidth of ��=� ' 5� 10�5 is

close to the limit given by the �nite duration of the

radiation pulse.

4. Conclusion

It is shown in this paper that realization of a two-stage

FEL scheme at the TESLA Test Facility at DESY will

allow one to reduce the bandwidth of the output radi-

ation (and to increase the brilliance) by two orders

of magnitude with respect to a single-pass scheme,

while the peak and the average output power are the

same. Shot-to-shot uctuations of the output radi-

ation power from a two-stage SASE FEL can be re-

duced to below 10 %. Moreover, in a two-stage scheme

the heat load on the monochromator is 103 times less

than that on a monochromator installed at the exit

of a conventional single-pass SASE FEL. The output

radiation from a two-stage SASE FEL possesses all

the features which usually refer to laser radiation: full

transverse and longitudinal coherence of the radiation

within the radiation pulse and stability of the output

power. The realization of this scheme at the TESLA

Test Facility at DESY would allow to construct a tun-

able X-ray laser with a minimum wavelength around

6 nm, a micropulse duration of 200 fs, a peak power

of 5 GW and an average power of 100 W. The de-

generacy parameter of the output radiation of such an

X-ray laser would be about 1014 and thus have the

same order of magnitude as that of quantum lasers

operating in the visible.
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Abstract
Based on early measurements by Powell et al [1] the thermal emittance of electrons
emitted by Cesium Telluride (Cs2Te) photo cathodes is estimated. The applicability of the
estimations to the case of an rf gun is discussed and the necessity of additional
measurements is emphasized.

Introduction
The thermal (i.e. initial) emittance of an electron beam generated by a (photo) cathode
imposes a lower limit for the normalized emittance that can be generated by an injector.
In case of the TTF FEL-injector the beam is generated by a Cs2Te cathode illuminated by
frequency quadrupled laser light from a Nd:YLF laser with a photon energy of Eph=
4.72eV (λ=263nm). The normalized thermal emittance depends on the spot size, the
momentum distribution and the angular distribution of the emitted electrons. While the
spot size has to be optimized with respect to the emittance development in the gun (rf
induced emittance vs. emittance growth due to space charge) the energy and the angular
distributions are functions of the cathode material and the photon energy. The
photoemission process can be considered in three steps: Optical excitation of electrons,
migration of the electrons to the solid surface (with or without scattering) and, if the
electron energy is high enough, escape across the surface potential barrier into the
vacuum. For the excitation process direct and nondirect transitions have to be
distinguished. Spicer [2] has suggested to explain strong nondirect transitions that occur
for example in Cs2Te but also in some metals like Cu in terms of many-body effects rather
than in terms of phonon assisted transitions. While in a direct transition the photon energy
is transferred completely to the electron, the energy is distributed between the electron and
the remaining hole in case of the nondirect transition. According to Spicer the hole is
localized for a time long compared to the excitation process and electronic and/or ionic
relaxation processes lead to a many-body excitation. The photoemission data can be
discussed in a model in which the probability P(Ef,Eph) for a photon of energy Eph
exciting an electron to a final state energy Ef, is proportional to:

( )P E Eph N E N E Ephf f f i f, ( ) ( )∝ ⋅ − (1)

where Nf(Ef) and Ni(Ef-Eph) are the density of initial and final states, respectively.

TESLA FEL-Report 1997-06



41

Photoemission data of Cs2Te
Figure 1 shows the spectral response of a Cs2Te cathode as measured by Powell and
coworkers [1]. The little shoulder below 3.5eV is likely to be generated by an additional
phase of Cs2Te [4]. Since its quantum yield is low is will not affect the thermal emittance
of the electrons. The threshold energy of Cs2Te is hence ET= 3.5eV. The quantum
efficiency increases with increasing photon energy up to ~6.6eV. The photoemission
behavior above 6.6eV is influenced by the onset of electron-electron scattering of the
optically excited electron (producing an electron-hole pair). Since the scattered electrons
have energies below threshold the quantum efficiency decreases. Electron-electron
scattering can occur only for electron energies exceeding twice the gap width EG, which is
hence determined as EG = 3.3eV. The electron affinity is given as: EA=ET-EG=0.2eV.
Figure 2 shows the normalized energy distribution of emitted photoelectrons for various
photon energies. Since the photon absorption length is smaller than the phonon scattering
length in case of Cs2Te the electrons below the electron-electron threshold lose practically
no energy on the way to the surface. The first peak P1 is located independently of the
photon energy (nondirect transition) at 4.05eV above the valence band maximum. (The
actual position of the maximum may lie somewhat lower but be obscured by the surface
potential barrier [1].) The maximum is associated with a maximum in the conduction band
density of states.
Peaks P2 and P3 change the position with the photon energy (direct transition) and are
associated with maxima in the valence band density of states. The final state energies are
given as:

E Eph eV

E Eph eV
P

P

2

3

0 7

1

= −
= −

.

.4 (2)
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Higher energy levels in the conduction band density of states will not be discussed, since
they can not be excited with the available photon energy of 4.72eV. Neglecting the slight
asymmetry of the energy distribution in Figure 2 (for Eph=4.88eV) it can be concluded
that the electrons are excited to an average final state energy of Ef=4.05eV. Figure 3
compiles the data obtained by Powell in a schematic band structure of Cs2Te.

Figure 3 Schematic band structure of Cs2Te. The maxima of the density of
states are indicated as dark shaded areas. The vacuum level is 3.5eV above the
valence band maximum. At a photon energy of ~4.7eV electrons are excited to
a final state energy of 4.05eV, corresponding to a kinetic energy of a free
electron of 0.55eV.

Calculation of the thermal emittance
The rms-emittance εrms and the normalized rms-emittance εn rms of a beam with large
divergence are defined as:

ε

ε

rms

n rms

pz
x px x px

m c
x px x px

pz

= ⋅ − ⋅

= ⋅ − ⋅

=

=

1

1

2 2 2

0

2 2 2

second central moment of the distribution

average longitudinal momentum

(3)

At the source x px⋅ is zero, the normalized emittance can therefore be written as:

ε n rms rms
rmsx

px

m c
= ⋅

0
(4)
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We consider the case of a uniform radial distribution with radius r=1.5mm, hence:

x
r

mrms = = ⋅ −

2
0 75 10 3.

(5)
Powell’s measurements are made in a spherical geometry, i.e. they represent an integration
over all emission angles in the half-sphere over the cathode (details of the measurement
device can be found in ref. 3). In order to investigate the effect of the surface potential
barrier we consider two model cases:
The first case might be thought of as if a little gap exists between the surface of the
cathode and the potential barrier. The electrons are emitted isotropically into the half-
sphere over the cathode with the kinetic energy E E E eVkin f G= − = 0 75. . If no scattering

occurs in the barrier only the average longitudinal momentum is changed and the
normalized emittance would be conserved if all particles would overcome the barrier.

Particles with angle ϕ larger as ϕ max arccos=
E

E
A

kin

(with respect to the surface normal)

will however not pass the potential barrier. The emittance can therefore be calculated by
restricting the emission angle accordingly. The transverse momentum px is given as:

px p= ⋅ ⋅sin cosϕ Θ (6)
where ϕ=[0, ϕmax] and θ=[0, 2π] are the azimuth and meridian angles, respectively. With

p m c m c
E

m c
kin= − ≅0

2
0

0
2

1
2γ (7)

and

px
px d d

d d
rms = ��

��

2 sin

sin

ϕ ϕ

ϕ ϕ

Θ

Θ
(8)

the normalized rms emittance is given as:

ε ϕ ϕ
ϕ

π

n rms
kin

A

r E

m c

mrad mm E eVfor

= ⋅ ⋅ ⋅
+ −

⋅ −

= =

2

2 1

3

2 3

2 1

0 58 0 2

0
2

3cos cos

( cos )

. .

max max

max

(9)

In the second case it is assumed that due to scattering the electrons are emitted
isotropically with an average kinetic energy of Ekin=Ef-EG-EA =0.55eV into the half-sphere
over the cathode (already behind the surface potential barrier). With ϕmax=π/2 equation 9
reduces to

ε πn rms
kinr E

m c
mrad mm= ⋅ ⋅ =

2

2 1

3
0 64

0
2

. (10)

Figure 4 shows a comparison of the two models as function of the ratio EA/(Ef-EG). The
difference of the thermal emittance is only small even though the phase space looks
somewhat different for the two cases.
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Figure 4 Estimated normalized thermal emittance of electrons emitted from Cs2Te
cathodes as function of the electron affinity (radius of the source r=1.5mm, photon energy
Eph=4.72eV). The solid line refers to case one (no scattering), the dashed line refers to
case two (with scattering).

The nature of the surface potential barrier and the details of the emission process are not
well known. The barrier may act as a much stronger filter for particles with large
transverse momenta as discussed before. Only angular resolved measurements of the
emission spectra will allow a precise determination of the thermal emittance. The
previously estimated thermal emittance may hence be considered as an upper limit only.

Discussion
Powell’s measurements were made on 120nm thick Cs2Te specimens on Mo and Pt
substrates at room temperature and at a vacuum pressure below 10-10mbar. The cathodes
for the TTF gun are produced in a preparation chamber under construction at INFN
Milan. They are only about 20nm thick and are deposited on a Mo substrate.
Measurements of the spectral response show a similar behavior than Powell’s results
(Figure 1) [4] indicating that Powll’s measurements are applicable in case of the fresh
prepared cathodes. In the gun itself, however, the thermal emittance might be influenced
by

-the temperature of the cathode
-poisoning of the cathode due to the increased vacuum pressure
-rf fields.
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The transition processes in Cs2Te are known to be insensitive to temperature variations.
For this reason Spicer argued about many-body effects rather than phonon assisted
nondirect transitions [2]. Measurements at CERN [5] showed no significant variation of
the quantum efficiency up to ~120°C. Therefore an effect of the temperature on the
thermal emittance is not to be expected in case of Cs2Te.
While in a high vacuum environment the quantum efficiency of Cs2Te cathodes is highly
independent of time, it drops from the initial value of ~10% down to a level of ~2% in a
few hours in the gun environment. At this level the quantum efficiency stays nearly
constant for some month. The reduced quantum efficiency is attributed to the increased
vacuum pressure in the gun. Poisoning of the cathode with gases like oxygen and
carbondioxide has been investigated in some detail under laboratory conditions [4].
Depending on the partial pressure of the gas the reduction of the quantum efficiency seems
to be due to a diffusion process into the cathode film or by a passivation of the cathode
surface. In the first case the structure of the density of states might be changed while in the
second case the electron affinity is changed. Especially in the latter case a reduction of the
thermal emittance is to be expected according to the previously discussed models. As a
first hint a measurement of the threshold energy of cathodes with reduced quantum
efficiency would be useful. It should be noted, that an effect of gases like oxygen on the
thermal emittance might be useful in order to reduce the thermal emittance as part of the
production procedure.
High electric fields may reduce the surface potential barrier and hence increase the thermal
emittance in an rf gun. Schottky has investigated the effect for the electron emission from
metals [6, 7]. He assumes that the form of the surface potential barrier is determined by
the retracting force of image charges in the metal. Cs2Te is a dielectric semiconductor,
hence Schottky’s theory is not applicable. The electron affinity might also be influenced by
other effects, for example by to a polarized surface layer due to an asymmetric electron
density at the surface. A measurement of the thermal emittance under high field conditions
would be difficult but a measurement of the quantum efficiency at different fields can be
made in an rf gun. (First indications of a modified Schottky effect at Cs2Te cathodes have
been found at CERN [8].) The quantum efficiency depends on the total number of
electrons with energy above the electron affinity, thus it is a function of the density of
states. Therefore no general relation exists between the quantum efficiency and the
electron affinity as in case of metals. For a given photon energy an approximate relation
can be calculated by integrating the energy distribution ( Figure 2 ) as function of the
lower integration boundary. Since the density of states between 3.5eV and 3.3eV above
the valence band maximum is not known in detail this relation holds only, if the electron
affinity is above 0.2eV during the measurement, i.e. if the cathode is appropriately
poisoned.

Conclusion
The photoemission of electrons from Cs2Te is for photon energies below ~5eV dominated
by a nondirect transition with a final state energy of 4.05eV. The electron energy is
insensitive for a small variations of the photon energy and insensitive to temperature
variations. The normalized thermal emittance of electrons emitted from Cs2Te cathodes in
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an ultra high vacuum environment has been estimated to be ε πn rms mrad mm≤ 0 65. (for a

spot size of r=1.5mm). In the rf gun environment it is probably lower due to an increased
electron affinity. In order to improve the understanding of the thermal emittance,
measurements are required that reveal the angular distribution of the emitted electrons.
The effect of cathode poisoning and the effect of high electric fields on the thermal
emittance have to be investigated experimentally.
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Abstract

A new non-destructive method for measurement of the longitudinal pro�le of subpicosecond electron bunches is

proposed. The method is based on measurements in frequency domain of correlations between the uctuations

of synchrotron radiation produced by an electron bunch passing a bending magnet. The proposed device is the
combination of a monochromator and a counting interferometer which gives directly the square of the modulus

of the Fourier transform of the longitudinal electron bunch pro�le. Reconstruction of the beam pro�le from

these data is performed by means of the standard technique developed for the image reconstruction from the
data obtained by means of the Handbury-Brown and Twiss intensity interferometer. Because the principle of the

method is based essentially on the statistical properties of the synchrotron radiation and the detection process

itself these topics are also considered in detail. The signal to noise ratio is analyzed in terms of degeneracy
parameter. The degeneracy parameter increases approximately as a third power of the wavelength which makes

the visible range of synchrotron radiation to be a natural choice for the spectral intensity correlation measurement.

In the end of the paper we illustrate with numerical example the potential of the proposed method for on line,
non-destructive diagnostics of the electron beam in the accelerator driving the TESLA Test Facility Free Electron

Laser at DESY.

1. Introduction

The length of electron bunches for the next genera-

tion linear colliders are of an order of �z ' 0:1�1 mm

[1, 2, 3]. The projects of X-ray FELs require even

shorter bunches, down to 0:025 mm [1, 4, 5]. These

values are less by an order of magnitude than those

used in the existent accelerators. Development of non-

destructive methods for measurements of longitudi-

nal distribution of the beam current in such a short

bunches is a challenging problem.

Recently the method for measuring ultrashort

pulses of incoherent radiation has been proposed [6].

The method is based on detecting the uctuations of

the visibility of interference fringes in a two-beam in-

terferometer.

Here we describe a new method for nondestructive

measurement of the longitudinal pro�le of the electron

bunch. The method is based on the measurements in

frequency domain of correlations between the uctu-

ations of synchrotron radiation produced by a bunch

passing a bending magnet.

The proposed device is the combination of a

monochromator and a counting interferometer which

gives directly the square of the modulus of the Fourier

transform of the longitudinal electron bunch pro�le.

Reconstruction of the beam pro�le from these data

is performed by means of a standard technique de-

veloped for the image reconstruction from the data

obtained by means of the Hanbury-Brown and Twiss

intensity interferometer.
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Fig. 1. The layout of the device for measurement the lon-

gitudinal pro�le of the electron pulse.

2. Principle of the method

The layout of the device for measurement the longitu-

dinal pro�le of the electron pulse is presented in Fig. 1.

An ultrarelativistic electron bunch passes a bending

magnet and radiates a pulse of synchrotron radiation.

The diaphragm of aperture d is used for selection of

the transversely coherent fraction of synchrotron ra-

diation which is directed to the monochromator with

an aperture D. The monochromator is placed at the

distance of z >from the diaphragm. The resolution of

the monochromator is equal to �!m, the central fre-

quency is equal to !0 and �!m=!0 � 1. The radiation

reaching the monochromator is transversely coher-

ent when, according to Van Cittert-Zernike theorem,

the following condition is ful�lled (see e.g. ref. [7]):

cz=(!0d) > D, where c is the velocity of light. A

one-dimensional array photodetector is placed at the

monochromator exit which performs measurement of

the spectral distribution of the radiation energy. The

signal from each element of the photodetector is stored

in the computer in matrix form. The row index corre-

sponds to the frequency and the column index corre-

sponds to the pulse number. This matrix is used for

the calculation of statistical properties of the radia-

tion.

The principle of the operation of the proposed de-

vice is based on the statistical properties of syn-

chrotron radiation . The detailed analysis of this sub-

ject and the operation of the device is presented in

ref [8]. Here, for clarity we present only the main re-

sults.

Let us describe an electron bunch pro�le by the pro-

�le function F (t) which gives the probability of the ar-

rival of an electron at the magnet entrance within the

time interval (t; t+ dt). The electron bunch function

F (t) and its Fourier transform �F (!) are connected by

Fourier transformation:

�F(!) =

1Z
�1

e
i!t

F (t)dt :

The �rst and the second order �eld correlation func-

tions are de�ned as

g1(!1 � !2) �
h �E(!1) �E(!2)ip

hj �E(!1) j2ihj �E(!2) j2i
;

g2(!1 � !2) � hj �E(!1) j2j �E(!2) j2i
hj �E(!1) j2ihj �E(!2) j2i

;

where �E(!) is Fourier component of electric �eld of

the synchrotron radiation.

It is shown in ref. [8] that synchrotron radiation

possesses all the features corresponding to completely

chaotic polarized light. In particular, the second or-

der correlation function is expressed via the �rst order

correlation function:

g2(!1 � !2) = 1+ j g1(!1 � !2) j2 :

The explicit expression for the �rst order correlation

function has the form

g1(!1 � !2) = �F (!1 � !2) :

We de�ne the interval of spectral coherence �!c as

follows:

�!c =

1Z
�1

j g1(�!) j2 d(�!) :

In the case of Gaussian pro�le of the electron beam:

F (t) =
1p
2��z

exp

�
� t2

2�2z

�
;

the interval of the spectral coherence is equal to

�!c =
p
�=�z .

At su�cient resolution of the monochromator

(�!m � �!c), it seems to be technically feasible to

measure the second order spectral correlation func-

tion of Fourier components of electric �eld of the syn-

chrotron radiation.

g2(!1 � !2) ' hK1K2i
hK1ihK2i
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where K1;2 - numbers of photocounts of two emble-

ments of the photodetector corresponding to frequen-

cies !1;2 respectively. This function contains the in-

formation about the Fourier transform of the electron

bunch pro�le:

g2(!1 � !2) = 1+ j �F(!1 � !2) j2 :

When resolution of the monochromator is worse

than the interval of spectral coherence, �!c ' c=�z,

the mean value-to-dispersion ratio of the photocounts

in a given frequency range �!m can be measured. The

square of this ratio is equal to M , the number of co-

herence intervals inside the monochromator linewidth.

Analysis of these measurements allows one to estimate

the electron bunch length as �z ' cM=�!m .

The quantum nature of the photodetection process

should be considered when the number K of pho-

tocounts in the spectral coherence interval is low .

The expression for variance of photocounts uctua-

tions contains two terms:

�
2

K =
hK2i � hKi2

hKi2 =
1

hKi +
1

M
: (1)

The �rst term corresponds to the \photon shot

noise" and its origin is in the Poisson distribution.

The second term corresponds to the classical uctua-

tions of the energy in the radiation bunch and takes

its origin from the shot noise in the electron bunch.

The ratio of the classical variance to the \photon shot

noise" variance is named as the photocount degener-

acy parameter �c [7]:

�c =
hKi
M

: (2)

The formula for calculation of the photocount de-

generacy parameter �c is given by:

�c = �Rm

�!m

M�!c
�W ; (3)

where � is the quantum e�ciency, Rm is the inte-

gral reection coe�cient of the monochromator mir-

rors and the dispersive element and �W is the wave

degeneracy parameter which is equal to the average

number of transversely coherent photons radiated by

the electron bunch inside the spectral interval of co-

herence �!c. Physically this parameter describes the

average number of photons which can interfere, or,

according to the quantum theory, the number of pho-

tons in one quantum state (one \mode"). It has been

shown in ref. [8] that the value of the wave degeneracy

parameter for synchrotron radiation can be estimated

as:

�W ' Bpeak�
3

4c
; (4)

where Bpeakis the peak value of spectral brightness

and � is the radiation wavelength.

The signal-to-noise ratio associated with the output

of the counting interferometer depends on the photo-

count degeneracy parameter �c as [8]

at �c � 1:

S

N
'

p
Nb j �F (!1 � !2) j2p

11 j �F (!1 � !2) j4 �12 j �F(!1 � !2) j2 +9
;

(5a)

at �c � 1:

S

N
'
p
Nb�c j �F (!1 � !2) j2p
1+ j �F (!1 � !2) j2

; (5b)

where Nb is the number of independent measurements.

For this method to be applicable the radiation wave-

length must be much smaller than the bunch length.

At a bunch length of the order of 0.1 mm one can use

a wide interval of the radiation spectrum, from the

infrared down to X-rays. The choice of the optimal

value of the operating frequency is inuenced by such

issues as tolerable value of the signal-to-noise ratio, re-

quired resolution of the monochromator (�!m=! �
c=(!�z)) and the existence of commercially available

detectors and optical elements with the required pa-

rameters. The choice of the visible range possesses the

following advantages. The degeneracy parameter can

reach a value larger than unity and therefore can en-

sure short measurement time. The required resolution

of the monochromator (�!m=! � c=(!�z) ' 0:1%)

can be achieved without signi�cant e�orts. There is

also a highly developed technology of electrooptical

devices (optical �bers, fast detectors, electrooptical

switches, etc.) operating in the visible wavelength

range.

3. Numerical example

The operation of the new method for the electron

pulse-shape measurement is illustrated for the TESLA

Test Facility which is under construction at DESY [5].

It is supposed to use synchrotron radiation from the

last bending magnet of the third bunch compressor

(see Table 1). The value of the peak spectral bright-

ness is equal to 1017 Phot./(sec�mrad2�mm2�0.1%
bandw.) and the degeneracy parameter is about of

�W ' 104 at the chosen operating wavelength of

� = 5000 �A .
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Table 1. Parameters of SR source

Electron beam
Energy, E0 500 MeV

Peak current, I0 2.5 kA

rms bunch length, �z 50 �m
Normalized rms emittance , �n 2� mm mrad

Number of bunches per train 7200

Repetition rate 10 Hz
Bending magnet

Length of magnet, Lw 0.5 m
Magnetic �eld, H 1.3 T

�-function, 11 m

Radiation

Wavelength, �0 5000 �A

Spectral coherence �!c=!0 0.3 %
Spectral brightness� 1017

Wave degeneracy parameter, �W 104

� In units of Phot./(sec� mrad2�mm2�0.1% bandw.)

We assume the use of a commercially available

monochromator with the resolution of �!m=! ' 3�
10�4. The electron bunch length is equal to 0.05 mm

which corresponds to the relative value of the interval

of spectral coherence of �!c=! ' 3� 10�3. Compar-

ing �!m with �!c one can conclude that ten pixels

of the photodetector is su�cient to cover the interval

of the spectral coherence. The photocount degeneracy

parameter �c (see eq. (3)) will be of the order of 10
2

at the quantum e�ciency of the detector of � ' 0:3

and the value of the integral reection coe�cient of

the monochromator mirrors and dispersive elements

of Rm ' 0:3.

The design value of the emittance of the electron

bunch in the TTF accelerator is small, so the visible

fraction of the SR from the magnet is always trans-

versely coherent and there is no need in the installation

of additional diaphragm (see Fig.1). If the monochro-

mator is placed at the distance of L = 2 m from the

radiation source, the aperture of the monochromator

in the vertical direction should be not smaller than

��cL ' 1 cm. If vertical aperture is less than this

value, the ux of coherent photons is decreased. The

aperture of the monochromator in the horizontal plane

can not be larger than ��cL due to uniform distribu-

tion of the radiation in the horizontal plane.

Let us now estimate the number of shots required

for achieving a given accuracy of the formfactor mea-

surement. Suppose we wish to achieve a signal-to-

noise ratio of 100. The number of independent mea-

surements required to achieve this accuracy depends

on the value of the formfactor at given frequency. Us-

ing eq. (5a) we �nd that the number of shots should

be about 105 at the value of the formfactor about of

unity. If the linear array detector covers, for instance,

the frequency range of 10�!c, one can perform ten

independent measurements per one shot (per one ra-

diation pulse). As a result, one can decrease the num-

ber of shots which is required for a given accuracy

by a factor of ten. In this case, one macropulse of

the TTF accelerator should be su�cient to obtain the

required accuracy. This requires 10 MHz data acqui-

sition system. One can use photomultipliers or pin-

photodiodes as photodetectors. In this case the light

from the monochromator exit can be distributed to

photomultipliers (or photodiodes) by means of optical

�bers.
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Magnetic measurements on the undulator prototype for

the VUV - FEL at the TESLA Test Facility
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Abstract

For the VUV - FEL at the TESLA Test Facility a 30m long combined function

undulator is under construction which integrates an alternating sequence of focusing

and defocusing quadrupoles (FODO lattice) with an sinusoidally varying undulator

�eld having a period length of 27.3mm.

A planar magnet structure with a �xed gap using permanent magnet technology

has been proposed. A brief description of the magnetic design and its basic working

principle is given.

First results of magnetic measurements were performed on a 0.9 m long proto-

type structure and are reported and discussed in this contribution. The peak �eld

, the gradient of the superimposed quadrupolar �eld as well as the adjustability of

the quadrupole strength and the exact location of its axis in horizontal and verti-

cal direction were measured. The results demonstrate that the proposed combined

function magnet structure is very promising for the use in the SASE FEL at the

TESLA Test Facility.

1 Undulator Design

At DESY in Hamburg a Free Electron Laser (FEL) for the VUV spectral range

down to 6.4nm using the principle of Self Ampli�ed Spontaneous Emission

(SASE) [1,2] is under construction. It will use the electron beam of the TESLA
Test Facility (TTF) [3,4] and will be built in two stages:

Phase 1 will have a nominal energy of up to 300MeV which the potential of
going up to 390MeV. It will serve as a system test for the superconducting ac-

celerator and a proof of principle for the SASE FEL. In this case an undulator

1 on leave from : FEL Laboratory at Institute for High Energy Physics (IHEP)

P.O. Box 2732 Beijing 100080 P.R. China

51

TESLA FEL-Report 1997-06



Table 1

Parameters for Phase 1 and 2 of the TTF

Phase 1 Phase 2

Energy [ GeV ] 0.3 1.0

normalized Emittance [ mm mrad ] 2 2

Energy spread [ %] 0.17 0.1

Bunch length [�m] 250 50

Peak current [ A ] 500 2500

Radiative wavelength [ nm ] 72 6.4

Saturation length [ m ] 14 25

Saturation Power [ GW ] 0.2 3.0

with a minimum length of 14.33m is required. A detailed description of Phase

1 can be found in [5]. In Phase 2 see ref. [3], the energy will be raised to 1

GeV and the undulator needs to be extended to at least 28.7m. For practical

reasons it has to be subdivided into modules of about 4.5m length which can
be handled and manufactured with the required accuracy. There have to be
gaps between undulator sections of about 0.3m for beam position monitors
and other diagnostic equipment as well as pumping ports etc. The undulator
design for Phase 1 and 2 is kept as identical as possible. Table 1 shows some

basic parameters of the TTF in Phase 1 and 2. Table 2 speci�es the design
parameters of the undulator.

The combined function undulator which is needed for the FEL has to integrate
two functions:
(i) It has to provide the sinusoidal �eld so that the FEL process can take

place.

(ii) It simultaneously has to provide the alternating gradient �eld of about
� 20 T/m for the FODO lattice which is superimposed to the undulator
�eld.

For the small �-function values required for the TTF-FEL (see table 2) there
is no alternative to a combined function type undulator. Permanent magnet
(PM) technology using state of the art NdFeB magnet material has been cho-

sen for the undulator [6-9]. Fig 1 shows a schematic 3-D view of 11
2
periods of

the "Four Magnet Focusing Undulator" (4MFU) design which has been pro-

posed to be used for the FEL at the TTF. It is based on a regular Halbach
type hybrid structure [10]. There is no gap variation. The gap between the

poles is kept �xed at 12mm. To �netune the undulator �eld the exact strength

of each pole can be changed by slightly adjusting each pole tip individually by

a few tenths of a millimeter. The magnets between the poles, which are mag-

netized parallel and antiparallel to the beam axis are recessed by 2.5mm to
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Table 2

Undulator and FODO Parameters for Phase 1 and 2

Gap [mm] 12

Period Length [mm] 27.3

Undulator Peak Field [T] 0.5

K - Parameter 1.27

Design Gradient [T/m] 18.3

Number of poles per module 327

Total length per module [mm] 4492.2

Length of FODO quad section [mm] 136.5

FODO Period Length [m] 0.9555

Number of FODO periods per module 5

Separation between Undulator Modules [m] 0.2853

Phase 1 Phase 2

Number of undulator modules 3 6

Total length [m] 14.33 28.67

Focal strength of FODO quads [m�1] 2.50 0.75

Total natural undulator focal strength [m�1] 1.788 0.322

Phase advance per FODO cell [Deg] 52 18

�Max in Undulator [m] 1.5 3.5

�Min in Undulator [m] 0.5 2.5

Ave. Beamsize in Undulator [�m] 55 55

create space for the magnets providing the focusing. These magnets are mag-

netized parallel / antiparallel to the Y-axis as can be seen in Fig. 1. They can
be moved horizontally by set screws. By changing the horizontal separation
distance between these magnets in the top and bottom jaw simultaneously

the gradient can be changed. Moving all magnets horizontally the horizontal
position of the quadrupole axis can be changed accordingly. Increasing / de-

creasing the separation distance in the top and decreasing / increasing it in the
bottom jaw will move the position of the quadrupole axis down or up, respec-

tively. Using geometrical arguments it can be shown that on the quadrupole
axis the �eld generated by the symmetric undulator part is not inuenced by

the antisymmetric array of focusing magnets and its strength. This was also

veri�ed with 3-D calculations using the MAFIA code [6,9]. The 4MFU design

therefore combines the following properties:

(i) It is a completely planar structure, which allows for very good access to
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Fig. 1. 3-D perspective view of 11
2
periods of the proposed 4MFU structure for the

undulator for the TTF. For details see text.

the �eld region at the beam position allowing for high accuracy �eld mea-

surements as well as an easy installation of the vacuum chamber without
breaking of any magnetic circuits.

(ii) The gradient can be as large as �20 T/m.
(iii) The exact value and the precise location of the quadrupole axis is �ne

tunable.

(iv) Undulator and focusing �elds are decoupled. This means that on the
quadrupole axis the sign and magnitude of the �eld gradient has no inu-
ence on the undulator �eld and vice versa.

For these properties the 4MFU principle was chosen as the basis of the undu-
lator setup for the TTF.

2 Prototype Structure

A 0.9m long Prototype structure of this undulator has been built. It is shown
in Fig. 2.

In order to reduce design and construction e�ort, the mechanical support

system as well as the girders were already designed for one 4.5m long undulator
module for the TTF. Each undulator is planned to consist of 5 magnetic
segments of approximately 0.9m each. One of these segments was built and is

used for the prototype structure. It is visible at the left end of the stucture.

Roughly in the middle of this module the focusing magnet attachment is
visible. All components in this prototype structure will later be reused to

complete the �rst 4.5m long undulator module for the Phase 1 undulator.
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Fig. 2. View of the 0.9m long prototype structure of the 4MFU. One magnetic

segment mounted on the left side of the 4.5m long girders designed for the FEL

undulator is visible. The focusing section is about in the center of this segment.

3 Magnetic measurements

A new 12m long bench was used to characterize the magnetic performance
of the prototype structure. It provides su�cient mechanical accuracy for the
magnetic measurements of the combined function undulator for the FEL at
the TTF.

Hallprobe measurements using a transverse probe were used to check the qual-
ity of the �eld and to exactly adjust the end poles for �eld integral correc-

tion right before the focusing magnets were installed. This "naked" undulator
served as a basis for the following attachment of the focusing magnets.

In order to test the quality as a combined function undulator the focusing
strength and the exact location of the quadrupole axis of each quadrupole
section was to be measured. The Rectangular Coil Method (RCM) was devel-

oped for this purpose and is briey described: A rectangular coil with a length

along the beam axis much longer than that of a quad section is used. At TTF

the length of one quad section is 136.5mm and that of a focusing free section
is 341.25mm. So this condition can be easily satis�ed.

The cross talk resulting from the undulator �eld can be minimized by choosing
the coil length to be a multiple of a period length. we used 327.6mm, which

corresponds to 12 periods at a length of the focusing section of 136.5mm. In

addition measurements should be averaged over one undulator period. The
transverse width of the coil has to be large enough so that the ends are in �eld

free region. 330mm were found su�cient in our case.
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If this coil is moved transversely in the horizontal plane along z, starting at

za of quadrupole having its center at z0 the ux change �� induced in this

coil is given by:

�� = N � L �

zZ

za

By(z
0) � dz0 = N � L � g �

zZ

za

(z0 � z0) � dz
0

= N � L � g � 1
2
((z � z0)

2
� (za � z0)

2)

here N is the number of windings of the coil , L is the e�ective quadrupole

length and g is the gradient. The ux is recorded with an analog integrator

at equidistant intervalls of z. By �tting a parabola of the form :

�� = a � z2 + b � z + c

to the data, the integrated gradient can be evaluated :

g � L = 2 � a=N

The horizontal center position is given by:

z0 = �b=N � L � g = �b=(2 � a):

Analogous results for the vertical ( y ) direction are obtained if the coil is

moved vertically instead of horizontally. In this case By(z) has to be replaced
by :

Bz(y) = �g � (y � y0)

We note that the coe�cients of the higher order normal multipoles can be
evaluated as well if an appropriate polynomial is �tted. First experience made
with this measurement technique shows that a typical reproducibility of 7-

8�m RMS for the quadrupole centers in the horizontal and vertical direction
is achievable, so far without any optimization e�ort. The gradient dertermined
in this way was reproducible to 0.5 % RMS.

4 Results and discussion

The objective of the prototype stucture was to test if a combined function
undulator following the proposed 4MFU design is doable and suitable for the

use in the FEL at the TTF . The most interesting problem was to see how the

array of focusing magnets behaves on top of the undulator stucture. First, the

"naked" undulator with no focusing magnets attached was measured to have

a peak �eld of almost exactly 0.5T. After this measurement one quadrupo-
lar section was installed and the RCM method descibed above was used to
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Fig. 3. Integrated Gradient obtained with RC Method. Full Line from Vertical, dot

dashed horizontal movement. Set screw pitch is 0.7mm / Turn

measure the properties of this section. Fig. 3 shows the maximum integrated
gradient gL as a function of the separation distance of the magnets. Several
measurements were taken at identical settings and are hard to distinguish
in Fig. 3. The separation distance is most practically measured counting the
turns of the set screws which have a 0.7mm pitch. The two curves in Fig. 3 cor-
respond to measurements using vertical and horizontal movement of the coil,

i. e. gL is determined independently from By and Bz variation They agree
better than 1.6%. The small deviation is believed to be due to the artefacts
from the superimposed undulator �eld.

The zero in Fig. 3 corresponds to zero separation distance. It can be seen that
it can nicely be adjusted from 2.3 T down to about 1.3 T using the adjustment
range of the screws of 20 turns corresponding to 14mm. Using the length of

the quadrupole section of 0.1365m as an e�ective length the maximumaverage
quadrupole gradient is evaluated to 16.85 T/m .

Fig. 4 shows the measured horizontal position of the quadrupole center if all
focusing magnets are moved simultaneously. The center is moving at a rate

corresponding to the pitch of the set screws. The total range is �2:5mm in

this case and can be made larger if required. Note, the zero position shown in

Fig. 4 on the vertical axis is arbitrary and does not correspond to the center

of the undulator structure.

Fig. 5 �nally shows two measurements of the movement of the vertical center.

Vertical upward movement can be achieved if the separation distance of the
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Fig. 5. Vertical center position as a function of set screw position.

upper magnets is increased while that of the lower magnets is decreased. The

adjustment range is small, only �0.4mm, but still su�cient. Again the ver-
tical zero position does not correspond to the zero position of the undulator

structure.

The cross talk between the adjustments is small. For example if the vertical

center position is changed only minor changes are observed in the horizontal
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Table 3

Results of magnetic measurements on the prototype structure

Undulator Peak Field [T] 0.5

Max. average Gradient @ Separation=0 [T/m] 16.93

Gradient Variation [T] 1.3 - 2.3

Vertical center adjustment range [mm] �0.4

Horizontal center adjustment range [mm] � 2.5

Integrated normal Quadrupole @ 4.2mm [T] 2.078�0.069

Integrated normal Sextupole |"| [T/m] 70.6�69.1

Integrated normal Octupole |"| [T/m2] 22856�151015

center position and the magnitude of the gradient. Moreover such changes can

be easiliy adjusted by slight changes in a second iteration step if needed.

The adjustability demonstrated above is very important for a combined func-
tion undulator. Extended computer simulations have demonstrated that the
overlap between electron and laser beam can only be guaranteed if the align-
ment of the quadrupole axes is about 10-15�m [11,12]. So all ten FODO quads

of an undulator module have to be aligned with this precision. In this con-
tribution it has been shown that both, the adjustability and a measurement
procedure, the RCM which provides su�cient accuracy are readily available.

Table 3 reproduces some of the magnetic results for this structure. The �rst
normal multipole coe�cients were also determined in the good �eld region near
the electron beam Because this region extends to only � 2mm, the uncertainty

at the higher multipoles is rather large.
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Abstract

One of the fundamental limitations towards achieving very short wavelength in a

self ampli�ed spontaneous emission free electron laser (SASE FEL) is connected

with the energy di�usion in the electron beam due to quantum uctuations of

undulator radiation. Parameters of the LCLS and TESLA X-ray FEL projects are

very close to this limit and there exists necessity in upgrading FEL simulation codes

for optimization of SASE FEL for operation at a shortest possible wavelength. In

this report we describe a one-dimensional FEL simulation code taking into account

the e�ects of incoherent undulator radiation. Using similarity techniques we have

calculated universal functions describing degradation of the FEL process due to

quantum uctuations of undulator radiation.

1 Introduction

It has been realized more than ten years ago that single-pass free electron

laser (FEL) can provide the possibility to generate powerful, coherent VUV

and X-ray radiation [1{3]. Several projects of such FEL ampli�ers are under

development at present [4{6].

When designing an FEL ampli�er operating at the wavelength around 1 �A

one should also take into account the e�ect of energy di�usion in the electron

beam due to quantum uctuations of undulator radiation. Recent study of

performance limitations of an X-ray free electron laser has shown that this
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e�ect leads to the growth of the energy spread in the electron beam, �E, when

the electron beam passes the undulator. This e�ect imposes fundamental limit

towards achieving very short wavelength given by the following estimation [7]

(for the case of zero energy spread at the undulator entrance):

�min ' 45� [�cre]
1=5

L
�7=15

w

�
�
2

n

IA

I

�8=15
; (1)

or, to a good approximation

�min[�A] ' 4
��n[mm mrad]q
I[kA]Lw[m]

;

where �c = �h=mc, �h is Planck constant, re = e
2
=mec

2, (�e) and me are

the charge and the mass of the electron, respectively, c is the spead of light,

IA ' 17 kA is Alfven's current, Lw is the length of the undulator, �n = � is

normalized emittance, and  is the relativistic Lorentz factor.

All the existent FEL simulation codes do not take into account the e�ect

of the energy di�usion in the electron beam due to quantum uctuations of

undulator radiation. On the other hand, design parameters of existent projects

of X-ray FELs (LCLS at SLAC [5] and X-ray FEL at linear collider TESLA

[6]) are very close to this limit and there exists an urgent necessity in more

rigorous simulations of their parameters.

In this report we describe a one-dimensional FEL simulation code taking into

account the e�ects of incoherent undulator radiation. Using similarity tech-

niques we have calculated universal functions describing degradation of the

FEL process due to quantum uctuations of undulator radiation.

2 Numerical simulation algorithm

In this section we present brief description of the one-dimensional simulation

code upgraded with the equations including the e�ects of incoherent undulator

62

TESLA FEL-Report 1997-06



radiation. The self-consistent FEL equations are identical to those described

in paper [8] (section 3). To describe the inuence of incoherent undulator

radiation on the FEL process we have included two physical e�ects into the

FEL code. The �rst one is additional energy loss which is given by well known

classical expression:

d < E > =dz = �2r2
e

2
H

2

w
(z)=3 ; (2)

where Hw is the magnetic �eld of the undulator on axis.

Another e�ect is energy di�usion in the electron beam due to quantum uc-

tuations of the undulator radiation. The rate of energy di�usion is given by

the expression:

d < (�E)2 >
dt

=

Z
d!�h!

dI

d!
; (3)

where dI=d! is the spectral intensity of an undulator radiation. Explicit ex-

pression for the rate of the energy di�usion has the following form [9]:

d < (�)2 >

dt
=

14

15
c�cre

4
�
3

w
K

2
F (K) ; (4)

where �w = 2�=�w, �w is the undulator period length, K = eHw=mec
2
�w is

the dimensionless undulator parameter, and F (K) is given by the following

�tting formulae:

F (K) = 1:42K +
1

1 + 1:50K + 0:95K2
for helical undulator ; (5a)

F (K) = 0:60K +
1

2 + 2:66K + 0:80K2
for planar undulator : (5b)

The simulation algorithm is organized as follows. Equations of motion of

macroparticles and the �eld equations (see ref. [8], section 3) are integrated

by means of Runge-Kutta scheme. An additional loss of the electron energy is

calculated with eq. (2) and additional energy spread is introduced by means
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of random generator after each integration step in accordance with eq. (4).

For the latter procedure to be physically correct, one should care about sup-

pression of numerical noise connected with �nite number of macroparticles.

In other words, all the moments of the distribution function f(	; P; z) (here

P = E � E0):

ak =
Z
P
k exp(�i	)f(	; P; z)dPd	 ; (6)

must have the same values before and after performing the procedure of in-

troducing an additional energy spread. Otherwise, an additional (unphysical)

bunching due to numerical noise will appear which will produce an error in the

results of calculations. The necessity of compensation of the numerical noise

can be explained in the following way. Suppose one has a problem to prepare

an initial ensemble of the particles corresponding to unmodulated electron

beam:

a0(0) =
Z
exp(�i	)f(	; P; 0)dPd	 = 0 ; (7)

and some arbitrary distribution in the energy. Let us consider the evolution

of such a distribution function f(	; P; z) in a drift space (no FEL process):

df(	; P; z)

dz
� �Pf(	; P; z) = 0 : (8)

It follows from this equation that distribution functions at coordinates z and

z +�z are connected by the relation:

f(	; P; z +�z) = f(	; P; z) exp(�P�z) : (9)

Using eqs. (9) and (7) the evolution of the bunching factor a0 is as follows:

a0(z) = a0(0) +
1X
k=1

ak
�
k

k!
z
k
: (10)
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It can been seen in eq. (10) that although starting with bunching factor

a0(0) = 0, bunching can occur if higher moments exist non equal to zero.

In the presence of the FEL process this can introduce an error in the results

of the calculation.

For the correction of the moments the phase space is divided up into N stripes

with a limited range of the momentum (Pmin < P < Pmax), where the correc-

tion scheme is applied for each stripe. A larger number of stripes improves the

results because a correlation between P and exp(�i	) is reduced. In general

all higher moments, caused by the numerical noise, are reduced in the limit

of N ! 1. Numerical simulations show that for practical calculations it is

su�cient to compensate only the �rst two moments of the distribution func-

tion, a0 and a1. In this case the accuracy of calculations is better than 1 %

for N = 150 and 10000 macroparticles.

3 Simulation results

We consider simpli�ed situation of a \cold" electron beam at the undulator

entrance and neglect the inuence of the space charge �eld. It is assumed that

the FEL ampli�er is tuned to the resonance frequency. Under these approxi-

mations operation of the conventional FEL ampli�er is described in terms of

the gain parameter � and the e�ciency parameter � (see, e.g. refs. [2,8,10]):

� =

"
2�2j0K

2

IA�w
3

#
1=3

; � =
�w�

4�
; (11)

where j0 is the beam current density (for the case of a helical undulator).

We assume that the mean energy loss (see eq. (2)) are compensated by an

appropriate undulator tapering and study pure e�ect of the energy di�usion

in the electron beam due to quantum uctuations of undulator radiation (see

eq. (4)). When simulating SASE FEL with steady-state simulation code, one

should set the value of the \e�ective" power of input shot noise which is given
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approximately by the relation [11,12]:

Wsh '
3
p
4��2Pb

N�

q
ln(N�=�)

; (12)

where Pb = mec
2
I=e is the power of the electron beam and N� = I�=(ec).

For the case of the X-ray SASE FEL at TESLA [6] the value of the reduced

input power is of about Ŵsh = Wsh=�Pb ' 3� 10�7. This value has been used

in the simulations.

Under accepted approximations the value of the reduced power at saturation,

�̂ = Pout=�Pb, and the saturation length, L̂sat = Lsat� are universal functions

of the reduced input power Ŵsh and the parameter of quantum uctuations q̂

(see eq. (4)):

q̂ =
7

15

�cre

�3

2
k
2

w
K

2
F (K) : (13)

Fig. 1 presents the plots of these universal functions in dependency of q̂ for four

di�ferent settings of the reduced input power Ŵsh. It is seen that operation of

the FEL ampli�er degrades signi�cantly when the value of the parameter of

quantum uctuations is increased.

Operating point of 1 �A FEL at TESLA (50 GeV energy of the electron beam

[6]) corresponds to the value of the parameter of quantum uctuations q̂ =

9 � 10�3. Fig. 2 illustrate the degradation of the FEL performance of the

1 �AFEL at TESLA. It is seen that parameters of the project have been chosen

correctly and there is only a slight degradation of the FEL performance due

to quantum uctuations of undulator radiation.
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Fig. 1. Dependency of the saturation e�ciency �̂ = Pout=�Pb and saturation length

L̂sat = Lsat� on the value of the parameter of quantum uctuations q̂ and reduced

input power Ŵsh.
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Abstract

The paper presents some analytical results of the theory of coherent synchrotron radiation (CSR) describing the
case of �nite curved track length.

1. Introduction

Analysis of project parameters of linear colliders [1, 2]

and short-wavelength FELs [1, 3, 4] shows that the

e�ects of coherent synchrotron radiation of short elec-

tron bunches passing bending magnets inuence sig-

ni�cantly on the beam dynamics (see, e.g., [5, 6]).

The �rst investigations in the theory of coherent syn-

chrotron have been performed about �fty years ago

[7, 8, 9]. In these papers the main emphasis was put

on the calculations in far zone of CSR produced by a

bunch of relativistic electrons moving on a circular or-

bit. Another part of the problem, namely that of the

radiative interaction of the electrons inside a bunch

has been studied for the �rst time in refs. [10, 11] and

later in refs. [5, 12] where the energy loss along the

bunch has been calculated. The results of the above

mentioned CSR theories are valid for a model situa-

tion of the motion of an electron bunch on a circular

orbit and do not describe the case of an isolated bend-

ing magnet. The �rst analytical results describing this

case have been presented in ref. [13]. In particular, an-

alytical expressions have been obtained for the radia-

tive interaction force, for the energy loss distribution

along the bunch and for the total energy loss of the

bunch. The criterium for the applicability region of

the previous theories to the case of a �nite magnet

length has been derived. In this report some analyti-

cal results of ref. [13] are presented.

2. Results for a rectangular bunch

Let us consider a rectangular bunch of the length lb

passing a magnet with the bending angle �m and the

bending radius R. We use the model of ultrarelativis-

tic electron bunch with a linear distribution of the

charge (zero transverse dimensions) and assume the

bending angle to be small, �m � 1. We neglect the

interaction of the bunch with the chamber walls as-

suming the electrons to move in free space. The total

number of particles in the bunch is equal to N and the

linear density is equal to � = N=lb.

When the electron bunch passes the magnet, the

electromagnetic �eld slips over the electrons due to

the curvature and the di�erence between the electron's

velocity and velocity of light c. The slippage length

Lsl is given by the expression:

Lsl '
R�m

22
+

R�3m
24

; (1)

where  is relativistic factor. When applying the re-

sults of steady-state CSR theory (periodical circular

motion) to the case of isolated magnet it is assumed

usually that the bunch length is much shorter than

the slippage length. To obtain more correct criterium

for the applicability region one has to develop more

general theory including transient e�ects when the

bunch enters and leaves the magnet. Such an inves-

tigation has been performed in ref. [13]. In particu-

lar, it has been stressed that the radiation formation

length of the order of lb
2 before and after magnet

plays an important role in CSR e�ects. In practically
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important case when the conditions �m � 1 and

R=3 � lb < Lsl are satis�ed, the expression for the

total energy loss of the bunch can be written in the

following form [13]:

�Etot = �

�
32=3e2N2

l
4=3

b R2=3

�
(R�m)

�

�
1 +

31=34

9

l
1=3

b

R1=3�m

�
ln

�
lb

3

R

�
+C

��
;(2)

where e is the charge of the particle and

C = 2 ln 2�
1

2
ln 3�

11

2
' �4 :

The �rst term in eq. (2) is the solution obtained in the

framework of steady-state approach (see, e.g., refs. [9,

11, 5]). Therefore, with logarithmical accuracy we can

set the applicability region of the results of the steady-

state theory for the case of a �nite curved track length:

l
1=3

b

R1=3�m
ln

�
lb

3

R

�
� 1 : (3)

In particular, the steady-state theory provides com-

pletely incorrect results for the case of the electron

bunch much longer than the slippage length, lb � Lsl.

In this case the energy losses of the particles in the

bunch due to CSR are proportional to the local linear

density and take place mainly after the magnet [13].

For a \short" magnet, �m � 1, the total energy loss

of rectangular bunch is equal to

�Etot = �
2

3

e2N2

lb

2
�
2

m : (4)

The energy loss of the rectangular bunch passing a

\long" magnet, �m � 1, is equal to:

�Etot = �
N2e2

lb
[4 ln(�m)� 2] : (5)

These results has been obtained in ref. [13] by means

of calculation the radiative interaction of the electrons

in the bunch. It is interesting to compare the total

energy loss of the bunch with the energy of coherent

radiation in far zone. The radiation energy in far zone

can be calculated as an integral over frequency of the

spectral density of the radiation energy:

dWcoh

d!
= N

2
�(!)

dW

d!
; (6)

where �(!) is the bunch form factor (squared module

of the Fourier transform of the linear density distri-

bution). The form factor for the rectangular bunch of

the length lb is given by the expression:

�(!) =
�
sin

!lb

2c

�2 �!lb
2c

�
�2

: (7)

Function dW=d! entering eq. (6) is the spectral den-

sity of the radiation energy of a single electron. The

angular and the spectral characteristics of the radia-

tion of an electron moving in an arc of a circle have

been studied in ref. [14]1. It has been shown that the

spectrum of the radiation emitted by an electron mov-

ing in an arc of a circle di�ers signi�cantly from that of

conventional synchrotron radiation of an electron ex-

ecuting periodical circular motion. In the latter case

the spectral density at low frequencies is proportional

to !1=3 [16]. In the case of a �nite curved track length

the spectral density is constant at ! ! 0. When the

bending angle is small, �m � 1, the spectral density of

the radiation energy emitted by ultrarelativistic elec-

tron is function of the only parameter �m [14]:

dW

d!
=

e2

�c
fm ; (8)

where

fm =

�
�+

1

�

�
ln

1 + �

1� �
� 2 ;

and

� =
�m=2p

1 + (�m=2)2
:

Formula (8) is valid in the frequency range ! � c=Lsl.

Taking into account formula (7) we can estimate that

typical frequencies of the coherent radiation are below

the frequency ! � c=lb. It means that we can use the

asymptotical expression (8) in the case when lb � Lsl.

Integrating eq. (6) over the frequency, we obtain:

Wcoh =
e2N2

lb
fm : (9)

It is easy to obtain that in the case of a \long" mag-

net, �m � 1, the energy of coherent radiation (9)

coincides exactly with the bunch energy loss given

by eq. (5) taken with opposite sign. In the limit of

a \short" magnet, �m � 1, there is also complete

agreement between formulae (9) and (4).

3. Bunch with an arbitrary density pro�le

The solutions obtained in ref. [13] for the rectangu-

lar bunch can be generalized for the case of an arbi-

trary linear charge density. We present here the re-

sults of the calculation of the transition process when

the bunch enters the magnet. Let the bunch have the

density distribution �(s) which satis�es the condition

R

3
d�(s)

ds
� �(s) : (10)

1The same problem has been considered later in ref.[15],

but the results of this paper are incorrect.
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Under this condition the rate of the energy change of

an electron is given by the expression [13]:

dE(s; �)

d(ct)
=

�
2e2

31=3R2=3

(�
24

R�3

�1=3 �
�

�
s�

R�3

24

�
�

�

�
s�

R�3

6

��

+

sZ
s�R�3=24

ds0

(s� s0)1=3
d�(s0)

ds0

9>=
>; ; (11)

where s is the position of the electron in the bunch

and � is azimuthal angle.

For the Gaussian density distribution:

�(s) =
N

(2�)1=2�
exp

�
�

s2

2�2

�
; (12)

expression (11) takes the form:

dE

d(ct)
= �

2e2N

31=3(2�)1=2R2=3�4=3
G(�;�) ; (13)

where function G(�; �) is given by the expression:

G(�;�) = �
�1=3

h
e
�(���)2=2

� e
�(��4�)2=2

i

+

�Z
���

d�0

(� � �0)1=3
d

d�0
e
�(�0)2=2

: (14)

Here � = s=� and � = R�3=24�. Function G(�; �)

reduces to

G(�;�) ' �
9

2
� exp(��2=2)�2=3

at �� 1. In the opposite case, at �!1, expression

(14) tends to the steady-state solution [11, 5, 12]. In

Fig.1 we present the plot of function (13). One can see

that there is excellent agreement of analytical results

[13] and the results obtained by means of numerical

simulation code [6].
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cm after the begin of the magnet. Curve (3) in the
graph (b): 18 cm after the begin of the magnet. Curve

(4) in the graph (b): steady state. The curves are the

results of calculations with formula (13) and the circles
are the results of numerical simulations presented in

ref. [6]. The parameters are as follows: R = 1:5 m,

� = 50 �m, q = 1 nC.

References

[1] \Conceptual Design of a 500 GeV e+e� Lin-

ear Collider with Integrated X-ray Laser Facility"

(Editors R.Brinkmann, G. Materlik, J. Rossbach,

A. Wagner), DESY 97-048, Hamburg, 1997.

[2] \Zeroth-Order Design Report for the Next Linear

Collider", LBNL-PUB-5424,SLAC Report 474,

UCRL-ID-124161 (May 1996).

[3] R. Tatchyn et al., Nucl. Instr. and Methods

A375(1996)274.

[4] J. Rossbach, Nucl. Instr. and Methods

A375(1996)269.

72

TESLA FEL-Report 1997-06



[5] Ya.S. Derbenev, J. Rossbach, E.L. Saldin,

V.D. Shiltsev, \Microbunch Radiative Tail-Head

Interaction", DESY Print, TESLA-FEL 95-05,

Hamburg(1995).

[6] M. Dohlus, T. Limberg, \Emittance Growth

due to Wake Fields on Curved Bunch Trajecto-

ries", presented at XVIII International Free Elec-

tron Laser Conference (Rome,1996); DESY print,

TESLA-FEL 96-13 (1996).

[7] L.I. Schi�, Rev. Sci. Instr. 17(1946)6.

[8] J. Schwinger, \On radiation by electrons in a be-

tatron", 1945 (unpublished), see references in [9].

[9] J.S. Nodvick and D.S. Saxon, Phys. Rev.

96(1954)180.

[10] I.E. Tamm, Report of the Institute of Physics,

Acad. of Sciences, USSR, 1948 (in Russian).

[11] L.V. Iogansen and M.S. Rabinovich, Sov. Phys.

JETP, vol.37(10), 1960, p.83.

[12] J.B. Murphy, S. Krinsky and R.L. Glukstern,

\Longitudinal Wake�eld for Synchrotron Radia-

tion", Proc. of IEEE PAC 1995, Dallas(1995).

[13] E.L. Saldin, E.A. Schneidmiller, M.V. Yurkov,

\On the Coherent Radiation of an Electron

Bunch Moving in an Arc of a Circle", DESY

Print, TESLA-FEL 96-14 (November 1996).

[14] V.G. Bagrov, I.M. Ternov and N.I. Fedosov, Sov.

Phys. JETP, vol.55(5), 1982, p.835; Phys. Rev.

D28 (1983)2464.

[15] D.J. Wingham, Phys. Rev. D35(1987)2584.

[16] J. Schwinger, Phys. Rev. 75(1949)1912.

73

TESLA FEL-Report 1997-06



Statistical properties of the radiation from SASE FEL operating

in the linear regime

E.L. Saldina, E.A. Schneidmillera, M.V. Yurkovb

aAutomatic Systems Corporation, 443050 Samara, Russia

aJoint Institute for Nuclear Research, Dubna, 141980 Moscow Region, Russia

Abstract

The paper presents analysis of statistical properties of the radiation from self ampli�ed spontaneous emission
(SASE) free electron laser operating in linear mode. The investigation has been performed in a one-dimensional

approximation, assuming the electron pulse length to be much larger than a coherence length of the radiation.

The following statistical properties of the SASE FEL radiation have been studied: �eld correlations, distribution
of instantaneous power, distribution of the radiation energy after monochromator installed at the FEL ampli�er

exit and photoelectric counting statistics of SASE FEL radiation. It is shown that the radiation from SASE FEL

operating in linear regime possesses all the features corresponding to completely chaotic polarized radiation.

1. Introduction

Correct design of the SASE FEL and planning of

user's equipment and experiments depend strongly on

knowledge of the radiation ampli�cation process in

the SASE FEL and properties of the output radia-

tion. The process of ampli�cation in the SASE FEL

starts from the shot noise in the electron beam hav-

ing stochastic nature. It means that the SASE FEL

radiation is also stochastic object, that is why there

exists de�nite problem for description of the SASE

FEL process requiring development of time-dependent

theory of the FEL ampli�er. Some averaged output

characteristics of SASE FEL have been obtained in

refs. [1, 2, 3, 4, 5, 6, 7, 8]. Quantum consideration of

photon statistics in SASE FEL has been performed in

ref. [9, 10]. An approach for time-dependent numer-

ical simulations of SASE FEL has been developed in

ref. [8].

Nevertheless, the previous studies do not give com-

prehensive description of the output radiation from

SASE FEL and the following statistical properties

should studied in detail: �eld correlations, statistics

of instantaneos power, statistics of the radiation en-

ergy after the monochromator installed at the exit of

SASE FEL, photoelectric counting statistics of SASE

FEL radiation etc. This paper gives answers on all the

above mentioned problems describing statistical prop-

erties of the radiation from SASE FEL operating in

linear regime. The investigation has been performed

in a one-dimensional approximation. It is shown that

the radiation from SASE FEL operating in the lin-

ear regime possesses all the features corresponding to

completely chaotic polarized radiation. In particular,

the higher order correlation functions are expressed

via the �rst order correlation function and the proba-

bility density function of the energy after monochro-

mator follows the gamma distribution.

2. Analysis of radiation properties in fre-

quency domain

In the linear mode of operation the SASE FEL can

be treated as a narrow band linear device which �lters

a wide band random input signal { shot noise. Gen-

eral property of such devices is that an output signal

is a Gaussian random process. Since electron pulse

at the entrance of SASE FEL has �nite duration, we

deal with nonstationary random process. Analytical

study of such a process in general case is very com-

plicated. Analysis of design parameters of VUV and

X-ray SASE FELs shows that the feature of these de-

vices is that the bunch length is much larger than the

radiation coherence length. So, one can use the model
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of rectangular pro�le of the electron bunch and the

steady-state spectral Green's function. In the frame

of this model it becomes possible to describe analyt-

ically all statistical properties of the radiation from

SASE FEL operating in the high gain linear regime.

Let us consider microscopic picture of the electron

beam current at the entrance into the undulator. The

electron beam current is constituted by moving elec-

trons randomly arriving to the entrance of the undu-

lator:

I(t) = (�e)
NX
k=1

�(t� tk) ;

where �(: : :) is delta-function, (-e) is the charge of the

electron, N is the number of electrons in a bunch and

tk is random arrival time of the electron to the un-

dulator entrance. The electron beam current I(t) and

its Fourier transform �I(!) are connected by Fourier

transformation:

�I(!) =

1Z
�1

e
i!t

I(t)dt = (�e)
NX
k=1

e
i!tk ;

Let us calculate the correlation of �I(!) and �I(!0):

h�I(!)�I�(!0)i = e
2h

NX
k=1

NX
n=1

exp(i!tk � i!
0

tn)i :

Here h: : :i means the averaging over ensemble of

bunches. The electron bunch pro�le is described by

the pro�le function F (t): hI(t)i = (�e)NF (t). Tak-

ing into account this relation we obtain that

hexp(i!tk)i =

1Z
�1

F (tk)e
i!tkdtk = �F(!) :

In the case when N j �F (!) j2� 1, we can write the

following expressions:

h�I(!)�I�(!0)i = e
2
N �F (!� !

0) ; (1)

hj �I(!) j2j �I(!0) j2i =

hj �I(!) j2ihj �I(!0) j2i+ j h�I(!)�I�(!0)i j2 : (2)

In the following we will analyze in detail the case

of rectangular pro�le of the electron bunch. Trans-

versely coherent fraction of the input shot noise sig-

nal is de�ned by the total beam current, so Fourier

amplitude of the electric �eld at the exit of SASE

FEL operating in the linear high-gain regime can

be written as follows: �E(!) = HA(! � !0)�I(!) ,

where HA(! � !0) is the Green's function and !0

is the resonance frequency. For many applications

and for diagnostic measurements of SASE FEL ra-

diation a monochromator with transmission function

Hm will be installed at the FEL ampli�er exit. In

this case the expression for �E(!) takes the form:
�E(!) = Hm(! � !0)HA(! � !0)�I(!). Using eqs. (1)

and (2) we obtain

g1(!;!
0) =

h �E(!) �E�(!0)i�
hj �E(!) j2ihj �E(!0) j2i

�1=2 = �F(!� !0) ;

(3)

g2(!;!
0) =

hj �E(!) j2j �E(!0) j2i
hj �E(!) j2ihj �E(!0) j2i

= 1+ j g1(!;!0) j2 :

(4)

We should note that eq. (4) is a property of a com-

pletely chaotic polarized radiation. It follows from

this conclusion that j �E(!) j2 is distributed in accor-

dance with the negative exponential probability den-

sity function (see ref. [11] for more detail):

p(j �E(!) j2) =
1

hj �E(!) j2i
exp

�
�
j �E(!) j2

hj �E(!) j2i

�
: (5)

The next problem is description of the uctuations

of the radiation bunch energy W at a detector in-

stalled after a monochromator. From the expression

for Pointing's vector and Parseval's theorem we can

write the expression for the average energy measured

by the detector:

hW i =
cS

4�2

1Z
0

hj �E(!) j2id! =

ce2SN

4�2

1Z
0

j Hm(! � !0) j2j HA(! � !0) j2 d! ;(6)

where S is the transverse area of the detector. Taking

into account relation (4) we can write the expression

for normalized dispersion:

�
2
W =

h(W � hW i)2i
hW i2

=

1R
0

d!
1R
0

d!0hj �E(!) j2ihj �E(!0) j2i j g1(!0; !0) j2

1R
0

d!hj �E(!) j2i
1R
0

d!0hj �E(!0) j2i
:(7)

Let us derive analytical expression for �2W . In

the framework of the one-dimensional model and

when the e�ects of the space charge �eld and energy

spread in the beam can be neglected, operation of the
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FEL ampli�er is described in terms of the gain pa-

rameter � and the e�ciency parameter � (see, e.g.

refs. [3, 12, 13]) which are connected by the relation

� = �w�=4�, where �w is the undulator period. Using

expression for the solution of the initial-value problem

in a high-gain limit we can write [1, 4, 6]:

j HA j2= A exp

�
�
(! � !0)

2

2�2A

�
; �A = 3

r
2
p
3

�!0p
ẑ
:

(8)

Substituting expressions (8) into eq. (7) we obtain for

the case of a Gaussian pro�le of the monochromator

line j Hm j2= exp
�
�(!� !0)

2=2�2m
�
:

�
2
W =

p
�

�̂2

�̂Z
0

erf(x)dx ; �̂ =

�̂A�̂mp
�̂2A + �̂2m

; �̂m = �mT : (9)

We assume pulse duration T to be large, �AT '
�!0T � 1 . The value �!0T is of the order of 102�103

for modern projects of VUV and X-ray SASE FELs,

so the obtained result can be used for practical calcu-

lations.

The next practical problem is to �nd the probabil-

ity density distribution of the radiation energy after

monochromator, p(W ). Using arguments similar to

that of ref. [11] one can show that the distribution of

the radiation energy after the monochromator is de-

scribed rather well by a gamma probability density

function:

p(W ) =
MM

�(M)

�
W

hW i

�M�1
1

hW i
exp

�
�M

W

hW i

�
;

(10)

where �(M) is gamma function and M = 1=�2W . Pa-

rameter M can be interpreted as the average num-

ber of \degrees of freedom" or \modes" in a radia-

tion pulse. It follows from eq. (7) that this parameter

can not be less than unity. When M tends to unity,

the distribution (10) tends to the negative exponential

distribution (5). When M � 1, the distribution (10)

tends to the Gaussian distribution.

3. Analysis of the radiation properties in time

domain

Time dependence of the radiation �eld has the form

E(z; t) =
�
~E(z; t)e�i!0(z=c�t) +C:C:

�
at any position

along the undulator. The �rst and second order time

correlation functions are de�ned as follows:

g1(t� t
0

) =
h ~E(t) ~E�(t0)i�

hj ~E(t) j2ihj ~E(t0) j2i
�1=2 : (11)

g2(t� t
0

) =
hj ~E(t) j2j ~E(t0) j2i
hj ~E(t) j2ihj ~E(t0) j2i

: (12)

Using approximation �!0T � 1 and formulae (3),

(4) we can write

g1(t�t0) =

1R
�1

d(�!) j HA(�!) j2 exp [�i�!(t� t0)]

1R
�1

d(�!) j HA(�!) j2
;

(13)

g2(t� t
0) = 1+ j g1(t� t

0) j2 : (14)

The distribution of the instantaneous radiation

power P /j ~E j2 is the negative exponential distri-

bution:

p(j ~E(t) j2) =
1

hj ~E(t) j2i
exp

�
�
j ~E(t) j2

hj ~E(t) j2i

�
; (15)

and �nite-time integrals of the instantaneous power

follow the gamma distribution (10).

Substitution expression (8) into eq. (13) we obtain

(� = (t� t0)):

g1(�) = exp

�
�
9�2!20�

2

p
3ẑ

�
: (16)

Following the approach of ref. [11], we de�ne the co-

herence time �c as

�c =

1Z
�1

j g1(�) j2 d� =
p
�

�A
=

rp
3�ẑ

18

1

�!0
: (17)

Let us discuss the problem how to measure statis-

tical properties of the SASE FEL radiation. Typical

pulse duration of existent projects of SASE FELs is

of about a fraction of picosecond. The resolution time

of modern fast photoelectric detectors is much larger

than this value, of about a fraction of nanosecond,

which allows to measure total energy of the radiation

pulse only. On the other hand, there are no such ev-

ident technical limitations for measurement of statis-

tical properties of SASE FEL radiation in frequency

domain.
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4. Photoelectric Detection of SASE FEL Ra-

diation

It has been shown above that the energy, W , in the

radiation pulse reaching the photodetector is unpre-

dictable, we can predict the probability density p(W )

only. In this case the probability of detection of K

photons by a photodetector is given by [11]:

P (K) =

1Z
0

(�W )K

K!
exp(��W )p(W )dW ; (18)

where � = �=�h!0 and � is the quantum e�ciency of

the photodetector. Using formula (18) we get the ex-

pressions for the mean and for the variance of K value

[11]:

hKi = �hW i ; �
2
K =

hK2i � hKi2

hKi2
=

1

hKi
+ �

2
W ;

(19)

where �2W = 1=M is given by formula (7). The ratio

of the classical variance to the \photon shot noise"

variance is equal to �c = hKi=M . Parameter �c is

named as the photocount degeneracy parameter.

When SASE FEL operates in the linear regime, the

probability density of the energy after monochroma-

tor, p(W ), is the gamma distribution (10). Substitut-

ing (10) into (18) and performing integration we come

to the negative binomial distribution [11]:

P (K) =
�(K +M)

�(K + 1)�(M)

�
1 +

M

hKi

�
�K

�

�
1 +

hKi
M

�
�M

: (20)

It can be shown that the negative binomial distri-

bution tends to the gamma distribution (10) at large

values of the photocount degeneracy parameter �c.

The formula for calculation of the photocount

degeneracy parameter �c is given by �c '
�Rm�!mNph(!)=M , where Rm is integral reection

coe�cient of the mirrors and dispersive element of the

monochromator, Nph is spectral density of photons ra-

diated within one pulse. Peculiar feature of SASE FEL

is that the degeneracy parameter is always extremely

large. Typical values of �c will be about 10
8�1010 for

X-ray FELs, so we can state that classical approach

is adequate for description of statistical properties of

the radiation from SASE FEL.
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Abstract

The paper presents analysis of statistical properties of the radiation from self ampli�ed spontaneous emission
(SASE) free electron laser operating in nonlinear mode. The present approach allows one to calculate the following

statistical properties of the SASE FEL radiation: time and spectral �eld correlation functions, distribution of the

uctuations of the instantaneous radiation power, distribution of the energy in the electron bunch, distribution of
the radiation energy after monochromator installed at the FEL ampli�er exit and the radiation spectrum. It has

been also obtained that statistics of the instantaneous radiation power from SASE FEL operating in the nonlinear

regime changes signi�cantly with respect to the linear regime. All numerical results presented in the paper have
been calculated for the 70 nm SASE FEL at the TESLA Test Facility being under construction at DESY.

1. Introduction

It is expected that VUV and X-ray free electron lasers

[1, 2] will be constructed in the nearest future. The

projects of X-ray FELs are developed at SLAC and

DESY [3, 4] and 6 nm SASE FEL is under construction

at the TESLA Test Facility (TTF) at DESY [5, 6]. An

appropriate design of the SASE FELs and planning of

user's equipment and experiments depend strongly on

the knowledge of the radiation ampli�cation process in

the SASE FEL and on the properties of the radiation.

At present there is signi�cant progress in the de-

scription of the linear stage of SASE FEL operation

in terms of statistical optics (time and spectral corre-

lation functions, time of coherence, interval of spectral

coherence, probability density functions of the instan-

taneous radiation power and of the �nite-time inte-

grals of the instantaneous power, probability density

function of the radiation energy after the monochro-

mator installed at the exit of SASE FEL) [7]. In par-

ticular, it has been shown that the radiation from

SASE FEL operating in the linear regime possesses

all the features corresponding to completely chaotic

polarized radiation: the higher order correlation func-

tions (time and spectral) are expressed via the �rst

order correlation function, the probability density dis-

tribution of the instantaneous radiation power follows

the negative exponential distribution and the prob-

ability density function of the �nite-time integrals

of the instantaneous power and of the energy after

monochromator follows the gamma distribution.

Nevertheless, a reasonable question arises what are

the features of the radiation from SASE FEL operat-

ing in the nonlinear mode and, in particular, at satu-

ration. This question can be answered only on the

base of the results obtained with nonlinear simula-

tion codes. There exist several time-dependent sim-

ulation codes [7, 8, 9, 10, 11]. At present, only lim-

ited number of SASE FEL characteristics have been

calculated. They are average output power [8], cor-

relation time and variation of the energy in the ra-

diation pulse [9]. There was an attempt to calculate

radiation spectra, but the accuracy of calculation was

not su�cient [11]. In this paper we present complete

description of the nonlinear mode of SASE FEL ra-

diation in terms of statistical optics. To be speci�c,

we calculated all the numerical results for the 70 nm

SASE FEL at the TESLA Test Facility being under

construction at DESY [12]. Nevertheless, they can be

simply scaled for calculation of other SASE FELs by

applying similarity techniques (see, e.g. ref. [13, 14]).
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2. Description of SASE FEL in terms of sta-

tistical optics

In all existent time-dependent simulation codes the ra-

diation pulse is simulated by discrete representation of

the radiation �eld E(z; t) with the step in longitudi-

nal coordinate equal to radiation wavelength � (see,

e.g. refs. [8, 9, 10, 11]). Each simulation run starts

from original statistical set of initial data and output

results change from run to run. To obtain informa-

tion about general properties of the output radiation

one should use statistical methods. It has been shown

in ref. [7] that description of SASE FEL in terms of

statistical optics is adequate to the problem. In this

paper we apply this approach for the description of

the nonlinear mode of SASE FEL operation.

To calculate spectral characteristics of the radiation

pulse we use Fourier transformation:

�E(z; !) =

1Z

�1

e
i!t[ ~E(z; t)e�i!0t + C:C:]dt : (1)

The �rst and the second order time and spectral

correlation functions, g1(t; t
0), g2(t; t

0), g1(!;!
0) and

g2(!;!
0), are calculated in accordance with the de�-

nitions:

g1(t� t0) =
h ~E(t) ~E�(t0)i�

hj ~E(t) j2ihj ~E(t0) j2i
�
1=2

;

g2(t� t
0) =

hj ~E(t) j2j ~E(t0) j2i

hj ~E(t) j2ihj ~E(t0) j2i
;

g1(!;!
0) =

h �E(!) �E�(!0)i�
hj �E(!) j2ihj �E(!0) j2i

�1=2 ;

g2(!;!
0) =

hj �E(!) j2j �E(!0) j2i

hj �E(!) j2ihj �E(!0) j2i
; (2)

where h: : :i means shot-to-shot averaging. The coher-

ence time �c [15] and interval of the spectral coherence

�!c [7] are calculated as follows:

�c =

1Z

�1

j g1(�) j
2
d� ;

�!c =

1Z

�1

j g1(!� !
0) j2 d(! � !

0) : (3)

Normalized envelope of the radiation spectrum is re-

constructed from the �rst order time correlation func-

tion as follows (see refs. [7, 16] for more detail):

G(�!) =
1

2�

1Z

�1

d�g1(�) exp(�i�!�) : (4)

To obtain output characteristics of the radiation

from SASE FEL one should perform large number of

simulation runs with time-dependent simulation code.

The result of each run contains parameters of the out-

put radiation (�eld and phase) stored in the boxes over

the full length of the radiation pulse. At the next stage

of numerical experiment the arrays of data should be

handled to extract information on statistical proper-

ties of the radiation (see eq. (1) { (4)). Probability

distribution functions of the instantaneous radiation

power, of the �nite-time integrals of the instantaneous

power and of the radiation energy after the monochro-

mator installed at the exit of SASE FEL are calculated

by plotting histograms of large number of statistical

data.

3. Results of numerical simulations

In this section we illustrate with numerical example

the results of computer modelling of statistical prop-

erties of the radiation from SASE FEL operating in

nonlinear regime. Simulations have been performed

by means of 1-D time-dependent nonlinear simulation

code [7, 10] with 100 statistically independent runs.

Then the arrays of the output data have been handled

with postprocessor codes to extract statistical proper-

ties of the SASE FEL radiation.

In Fig. 1a we present the dependence of the aver-

age radiation power on the reduced undulator length

(solid line). Dotted line in this plot presents the out-

put power for the steady-state FEL ampli�er starting

with the value of input power of 8 W (correspond-

ing to the value of e�ective power of shot noise). It

is seen that the main di�erence occurs at the nonlin-

ear stage of ampli�cation. It is seen that the output

power of SASE FEL continues to grow due to the spec-

trum broadening (see ref. [7, 16]). Coherence time,

�c, decreases drastically in the nonlinear regime (see

Fig. 1b).

In Fig. 1c we present the results of calculation of the

normalized rms deviation of the instantaneous uctua-

tions of the radiation power, �p = h(P�hP i)2i1=2=hP i,

as function of the undulator length. One can see

from this plot that at the linear stage of the SASE

FEL operation the value of the deviation is equal to

unity. It has been shown in refs. [7, 17] that in this

case the probability density distribution of the radi-

ation power is described by the negative exponential

law. In the nonlinear mode of operation the deviation

of the power uctuations di�ers signi�cantly >from

unity. It indicates that the probability density func-

tion should di�er from the negative exponential law.

Fig. 2 presents the distributions of the instantaneous

radiation power at di�erent undulator lengths. It is
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seen that this distribution near the saturation point

(upper right plot) di�ers cardinally from a negative

exponential one. Nevertheless, in the deep nonlinear

regime the power distribution tends again to the nega-

tive exponential one and the value of the rms deviation

also tends to unity (see Fig. 2, lower right plot).

We performed numerical study of the uctuations

of the energy in the radiation pulse integrated over

�nite time. Fig. 1d presents the normalized rms devi-

ation of the energy uctuations in the radiation pulse

as function of the undulator length. It is seen that

the uctuations achieve their maximum in the end of

linear regime. The �rst local minimum corresponds

to the saturation point. This is in a good agreement

with Fig. 1c showing that relative uctuations of the

instantaneous radiation power achieve their minimum

at the saturation point.

In Fig. 2 we present the results of calculations of

the �rst and the second order time correlation func-

tions. It is seen that there is signi�cant di�erence with

respect to the linear mode of operation (see ref. [17]).

First, we obtain that relation g2(�) = 1+ jg1(�)j
2 does

not takes place in the nonlinear regime. Second, the

�rst order time correlation function begins to have two

maxima at the increase of the undulator length (which

is connected with the shape of the radiation spectrum

(see ref. [7, 16] for more detail).

From practical point of view it is important to know

characteristics of the output radiation from SASE

FEL operating at saturation. Fig. 3a presents distri-

bution of the instantaneous power at saturation point.

In Fig. 3b we present the results of calculations of the

�rst and the second order time correlation functions.

In Fig. 3c we present the histogram of the probabil-

ity density distribution of the radiation energy after

the monochromator. The width of the monochroma-

tor is less than the interval of spectral coherence (3).

It is seen from this plot that at a small window of

the monochromator the uctuations of the radiation

energy follow the negative exponential law. We also

performed calculations of the �rst and the second or-

der spectral correlation functions for the radiation of

SASE FEL operating at saturation (see Fig. 3d). Solid

circles in this plot correspond to to the spectral corre-

lation functions of the radiation pulse from SASE FEL

operating in linear regime [7, 17]. With the accuracy of

performed calculation we can state that spectral cor-

relation functions are the same as those for the linear

mode of the SASE FEL operation.

4. Conclusion

We have shown in this paper that description of SASE

FEL radiation in terms of statistical optics (time and

spectral correlation functions, time of coherence, in-

terval of spectral coherence, probability density func-

tions of the instantaneous radiation power and of the

�nite-time integrals of the instantaneous power, prob-

ability density function of the radiation energy after

the monochromator installed at the exit of SASE FEL)

is adequate for the problem. All these characteristics

of SASE FEL operating in the nonlinear regime are

presented in the paper. It has been also obtained that

statistics of the instantaneous radiation power from

SASE FEL operating in the nonlinear regime changes

signi�cantly with respect to the linear regime. Pre-

cise calculations of the time correlation functions have

shown their complicated behaviour. In particular, it

has been found that the relation g2(�) = 1 + jg1(�)j
2

is not ful�lled in the nonlinear regime. On the other

hand, the spectral correlation functions and distribu-

tion of the radiation energy after monochromator cal-

culated in the saturation point are the same as in the

linear regime (see ref. [7]).
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Fig. 1. Averaged characteristics of SASE FEL as function
of undulator length: averaged output power (plot (a)), co-
herence time (plot (b)), normalized rms deviation of the

instantaneous uctuations of the radiation power (plot (c))
and normalized rms deviation of the energy uctuations in

the radiation pulse (plot (d)).
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Fig. 2. The �rst and the second order time correlation func-
tions, jg1(�)j (curve 1), g2(�) (curve 2), Re(g1(�)) (curve 3)
and Im(g1(�)) (curve 4) of the radiation pulse (at left) and
histograms of the probability density distribution, p(P ), of
the instantaneous output power at di�erent reduced length
of the FEL ampli�er (at right). Calculations have been
performed with nonlinear simulation code over 104 inde-
pendent statistical events. hP i denotes the average power.

83

TESLA FEL-Report 1997-06



0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0
(a)

p
(P

)

P/<P>

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0
(c)

p
(W

)

W/<W>

Fig. 3. Characteristics of the output radiation from
SASE FEL operating at saturation: probability density
function of the instantaneous radiation power (plot (a)),
the �rst and the second order time correlation functions,
jg1(�)j (curve 1), g2(�) (curve 2), Re(g1(�)) (curve 3) and
Im(g1(�)) (curve 4) (plot (b)), a histogram of the proba-
bility density distribution, p(W ), of the radiation energy

after narrow bandwidth monochromator (plot (c)) and the
�rst and the second order spectral correlation functions,
jg1(�!)j (curve 1)and g2(�!) (curve 2) (plot (d)).
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Abstract

This paper presents a method for numerical calculation of the radiation spectrum from SASE FEL. The idea of
the method is similar to that used in Fourier spectroscopy when the radiation spectrum is reconstructed using

Fourier transformation of the �rst order time correlation function. Proposed numerical method is universal and

can be applied for linear and nonlinear modes of SASE FEL operation.

1. Introduction

A self ampli�ed spontaneous emission free electron

laser (SASE FEL) [1, 2, 3, 4] is considered now as

future source of coherent VUV and X-ray radiation.

An appropriate design of the SASE FEL and planning

of user's equipment and experiments depend strongly

on the knowledge of the radiation ampli�cation pro-

cess in the SASE FEL and on the properties of the

radiation. Recently it has been achieved signi�cant

success in the analytical description of a high gain

SASE FEL [5]. Nevertheless, analytical techniques

are of limited possibilities in the description of SASE

FEL process in a general case, so numerical simula-

tion codes should be developed. At present there exist

several time-dependent simulation codes developed by

di�erent teams [5, 6, 7, 8, 9]. Common feature of these

codes is that they produce an output of data for dis-

crete representation of the radiation �eld. Then these

data should be handled to extract di�erent informa-

tion about the properties of the SASE FEL radiation.

In this paper we describe a method for precise re-

construction of the radiation spectrum from numerical

simulation data. Calculation of the radiation spec-

trum proceeds in three steps. First, several runs of

time-dependent FEL simulation code are performed.

The result of each run contains parameters of the out-

put radiation (amplitudes and phases of the electro-

magnetic �eld). Second, the �rst order time correla-

tion function is calculated from these statistical data.

At the �nal step spectrum of the radiation from SASE

FEL is reconstructed using Fourier transformation of

the �rst order time correlation function. This method

is universal and can be applied for linear and nonlinear

modes of SASE FEL operation.

2. Method for time-dependent simulation

Time-dependent algorithm for the simulation of the

FEL ampli�er should take into account the slippage

e�ect which connected with the fact that electromag-

netic wave moves with the velocity of light c, while the

electron beam moves with the longitudinal velocity vz.

Electron motion in the undulator is a periodic one, so

the radiation of each electron E(z; t) is also periodic

function:

E(z; t) = f(z � ct) = f(z � ct+ �) ;

with period

� = �w
c� vz

vz
'

�w

22z
= �w

1 +K
2
=2

22
;

where �w is the undulator period, K is undulator

parameter,  is relativistic factor and 
2
z = 

2
=(1 +

K
2
=2).

It seems to be natural to construct the following al-

gorithm [6]. Suppose, we have electron bunch of length

lb. We divide this length into Nb = lb=� boxes. FEL

equations are used in each box for calculation of the
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motion of the electrons and evolution of the radia-

tion �eld within one undulator period. The using of

steady-state FEL equations averaged over undulator

period is justi�ed by the fact that FEL ampli�er is

resonance device with a narrow bandwidth. Then we

should take into account the slippage e�ect, i.e. that

electromagnetic radiation advances the electron beam

by the wavelength � while electron beam passes one

undulator period. It means that the radiation which

interacted with the electrons in the j th box slips to

the electrons located in the next, j + 1 th box. Then

procedure of integration is repeated, etc.

This algorithm allows one to calculate the values of

radiation �eld for each box as function of longitudinal

coordinate z. Time dependence of the radiation �eld

has the form:

E(z; t) = ~E(z; t)e�i!0(z=c�t) +C:C: (1)

at any position along the undulator. Here we explicitly

segregated slowly varying complex amplitude ~E(z; t).

At any �xed point z along the undulator the time in-

terval between the arrival of the radiation connected

with adjacent boxes is equal to �t = tj+1 � tj = �=c,

so we have discrete representation of ~E(z; tj). To cal-

culate spectral characteristics of the radiation we use

Fourier transformation:

�E(z; !) =

1Z

�1

e
i!t[ ~E(z; t)e�i!0t + C:C:]dt : (2)

The �rst order time correlation function, g1(t; t
0), is

calculated in accordance with the de�nitions:

g1(t� t
0) =

h ~E(t) ~E�(t0)i�
hj ~E(t) j2ihj ~E(t0) j2i

�1=2 ; (3)

where h: : :i means shot-to-shot averaging. Normalized

envelope of the radiation spectrum and the �rst order

time correlation function are connected by the relation

[10]:

G(�!) =
1

2�

1Z

�1

d�g1(�) exp(�i�!�) : (4)

To obtain output characteristics of the radiation

from SASE FEL one should perform large number of

simulation runs with time-dependent simulation code.

The result of each run contains parameters of the out-

put radiation (�eld and phase) stored in the boxes over

the full length of the radiation pulse. At the next stage

of numerical experiment the arrays of data should be

handled to extract information on statistical proper-

ties of the radiation.

3. Results of numerical simulations

Fig. 1 presents typical time structure of a radiation

pulse and its spectrum when a SASE FEL operates

in the high gain linear regime. The time and spectral

structure of the radiation pulse change from shot to

shot and the information about the properties of the

radiation can only be obtained by statistical analysis

of a series of shots. A visual analysis of the spectrum

of the radiation pulse for several shots (see Fig. 1b)

indicates that the spikes in the spectrum are approxi-

mately inside some envelope. The straightforward way

to obtain this envelope is to average a large number of

spectral data. In Fig. 2a we present the spectrum of

SASE FEL radiation averaged over 2400 shots (piece-

wise curve). It is seen that even at such a number

of independent runs the accuracy of the reconstructed

spectrum is not excellent and the errors in the spec-

trum are still visible.

Another technique for obtaining the envelope of the

spectrum consists in its reconstruction from the �rst

order time correlation function (4). It should be no-

Fig. 1. Typical temporal structure (graph (a)) and spec-
trum of the radiation pulse (graph (b)) from SASE FEL
operating in high gain linear regime. Calculations have
been performed with the linear simulation code.
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Fig. 2. Normalized spectrum of the radiation from SASE
FEL, G(�!), at ẑ = 11 (graph (a)). Averaging has been

performed over 2400 shots. Smooth curve is the result of
spectrum reconstruction using the �rst order time correla-

tion function presented in graph (b)). Calculations of the
�rst order time correlation function have been performed
with linear simulation code over 5� 104 independent sta-

tistical events.

ticed that the �rst order time correlation function is

calculated with much higher accuracy. This is con-

nected with the fact that the statistics for the corre-

lation function calculations is larger by a factor of the

number of spikes in the bunch. The data from Fig. 2b

have been used for the spectrum reconstruction (solid

curve in Fig. 2a). It is seen that this technique gives

very precise results. It is our experience that this tech-

nique allows almost perfect reconstruction of the spec-

trum at the number of runs of several tens.

In conclusion, we present evolution of the radiation

spectrum from SASE FEL from the beginning up to

deep nonlinear regime. Longitudinal coordinate is nor-

malized in accordance with ref. [3, 5, 6]. The normal-

ized position ẑ = 13 corresponds to saturation point.

Simulations have been performed with nonlinear sim-

ulation code using 100 shots. The temporal structures

of the radiation pulses have been used for calculating

Fig. 3. Evolution of the radiation spectrum G(�!) from
SASE FEL at the initial stage of ampli�cation. Calcula-
tions have been performedwith linear simulation code over
100 shots. Spectrum has been reconstructed from the �rst
order time correlation function. Circles correspond to nor-
malized spectrum of the undulator radiation.

the �rst order time correlation function. Then the

radiation spectra have been reconstructed by Fourier

transformation of the �rst order time correlation func-

tion. Figure 3 shows the evolution of the radiation

spectrum at the beginning of the ampli�cation pro-

cess with the step equal to one �eld gain length. After

the �rst gain length the spectrum of the SASE FEL is
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Fig. 4. Evolution of the radiation spectrum G(�!) from
SASE FEL operating in the nonlinear regime. Calculations
have been performed with nonlinear simulation code over
100 shots. Smooth curves are the results of spectrum recon-
struction from the �rst order correlation function. Piece-
wise curves are the results of straightforward averaging of

the radiation spectra.

identical to the spectrum of the undulator radiation.

After several gain lengths the spectrum transforms to

that of the high gain FEL ampli�er (see also Fig. 2).

In Fig. 4 we present the results of calculations of the

radiation spectrum from SASE FEL operating in non-

linear regime. Smooth curves in these plots are the

results of spectrum reconstruction from the �rst order

correlation function. Piecewise curves are the results

of straightforward averaging of the radiation spectra

over 100 shots. It is seen that spectrum reconstruction

using Fourier spectroscopy provides much more higher

accuracy.

References

[1] A.M. Kondratenko and E.L. Saldin, Part. Acc.

10(1980)207.

[2] Ya.S. Der-

benev, A.M. Kondratenko and E.L. Saldin, Nucl.

Instrum. and Methods 193(1982)415.

[3] R. Bonifacio, C. Pellegrini and L. Narducci, Opt.

Commun. 50(1984)373.

[4] J.B. Murphy and C. Pellegrini, Nucl. Instrum.

and Methods A237(1985)159.

[5] E.L. Saldin, E.A. Schneidmiller

and M.V. Yurkov, \Statistical properties of ra-

diation from VUV and X-ray free electron laser",

DESY print TESLA-FEL 97-02, Hamburg, 1997.

[6] R. Bonifacio et al., Phys. Rev. Lett. 73(1994)70.

[7] P. Pierini and W. Fawley, Nucl. Instrum. and

Methods A375(1996).

[8] E.L. Saldin, E.A. Schneidmiller

and M.V. Yurkov, \Simulation Studies of 6 nm

Free Electron Laser at the TESLA Test Facility

Starting from Noise", DESY print TESLA-FEL

96-07, Hamburg, 1996.

[9] W.M. Fawley, SPIE Proceedings 2988(1997)98.

[10] J. Goodman, Statistical Optics, (John Wiley and

Sons, New York, 1985).

88

TESLA FEL-Report 1997-06



Beam Dynamics of the DESY FEL Photoinjector

Simulated with MAFIA and PARMELA

Min Zhang
Deutsches Elektronen-Synchrotron (DESY) -MPY-, Notkestr. 85, 22603 Hamburg, Germany

Abstract{ We present a wake �eld simulation of the

DESY FEL [1] gun by using the MAFIA self-consistent

solver TS2. It has been found that the wake �eld in-

duced emittance degradation is not very signi�cant.

Di�erent options of emittance-conserving beam trans-

port using triplets, doublets, or solenoids are dis-

cussed. The solenoid option appears to be the best,

thanks to the space charge compensation.

I. Introduction

For low emittance guns the wake �eld is a big is-

sue. There are already many gun simulations which ad-

dress the dynamics of the beam in a non-self-consistent

way with no physical boundaries included. There is in-

creasing concern about the e�ects of wake �elds on beam

emittances. In this context, we present a self-consistent

wake �eld simulation with full gun geometry using the

MAFIA Finite Di�erence Time Domain Particle-In-Cell

(FDTD/PIC) solver TS2.

It is important to be able to conserve the emittance of

a beam while it is transported over long distances. Several

options are discussed using triplets, doublets, or solenoids.

II. MAFIA Wake Field Simulation

The gun geometry is shown in Fig. 1, where the ac-

celerating gradient at the cathode is Eh = 50MV/m,

the �nal beam energy E = 5MeV, the injection phase

�rf = 32o, the laser FWHM=10ps, and the maximum

on-axis Bz = 2080G. Since the initial bunch length was

0.43mm, a mesh with a total number of points equal to

990,000 was employed. A total of 5800 macro particles

were generated and the simulation took 53 cpu hours on

a SUN workstation. The error numbers for the run are:

�t = 10
(�t)

2
T

�3
= 10�

(9:6� 10�14)
2
� 1:086� 10�9

(10�11)
3

� 0:1

�r = 10
(�r)

2
Lr

�3r
� 6

�z = 10
(�z)

2
Lz

�3z

�
5! 0:05 z = 0! 2cm

6 z = 2! 25cm

If a simulation satis�es �t < 0:1 and �s < 5, the results

will be reasonably accurate.

MATERIALS:

-0.20 25.0012.40

0.00

9.10

4.55

FRAME:   4 07/08/97 - 22:41:20 VERSION[V4.005] ****** NO MAFIA FILE ALLOCATED ******

CUT PLOT OF THE MATERIAL DISTRIBUTION IN THE MESH

M--:4005

COORDINATES/M
FULL RANGE / WINDOW
R[    0.0000,  0.091000]
 [    0.0000,  0.091000]
Z[-0.0020000,   0.25000]
 [-0.0020000,   0.25000]

#2DPLOT

 -MESHLINE=     1

CUT AT   =CONST.

Z

R

+

0.0

1.0

2.0

3.0

4.0

5.0

6.0

0.0 5.0 10.0 15.0 20.0 25.0

FRAME:  27 07/08/97 - 22:30:00 VERSION[V4.005] GUN9X25.DRC

--------------------------------

P--:4XX
#1DGRAPH

=MULTI-CURVE=

ORDINATE: RESULT_GUN_
 [ 0.000E+00, 0.600E-05]
ABSCISSA: RESULT_GUN_
 [ 0.000E+00, 0.250E+00]

ORDINATE: RESULT_GUN_
 [ 0.000E+00, 0.600E-05]
ABSCISSA: RESULT_GUN_
 [ 0.000E+00, 0.250E+02]

EMITT-X WITH AND WITHOUT WAKES INSIDE GUN
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Fig. 1: Upper: DESY FEL Gun with Coaxial RF Input; Lower:

Emittance with and without Wakes

Since TS2 is a 2D solver employing r� geometry, we

use the following relation to evaluate the transverse emit-

tances:

(2�x)
2
= �r

2 + ��
2;

with

�r =
p
< r2 >< p2r > �< rpr >2;

�� =
q
< r2 >< p2� >:

For the two runs, with and without wake �elds, the

numerical settings, such as mesh sizes, particle numbers,

integration time steps and ultimately, the error numbers

were approximately the same. The emittances inside the

gun are presented in Fig. 1. It is seen that there is only

a very slight di�erence between the two. What is more

interesting is that the one with wake �elds is smaller than

that without. There are two possible explanations for

this. One is numerical, the other physical. The open ab-

sorbing boundary condition for the non-wake case is not
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perfect for all frequency components, causing some reec-

tions from the boundary, which act back on the bunch. If

this is ruled out, the following physical explanation will

be more convincing. Non-linear contributions of the wake

�elds behave in a similar "favorable" way to the space

charge forces in the emittance compensation process [2].

Due to the results of this simulation, we can now be

more con�dent of the results obtained by non-wake sim-

ulations, like those with PARMELA. We can eventually

rely on faster space charge based algorithms. However, at

high energies, wake �eld emittance dilutions can be signif-

icant, for example, through port step junctions or bunch

compressors.

III. Emittance Conserving Beam Transport

In the DESY FEL injector there exists a long beam

transport section of 7 meters from the minimumemittance

to the �rst main accelerator (Fig. 2). In order to avoid
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390cm
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Fig. 2: Beam Line Layout for DESY FEL Injector

emittance increase over this section, one has to apply ap-

propriate focusing elements along the line. Three versions

have been investigated with PARMELA: two triplets (T1

and T2), one doublet (at T1), or one solenoid (at T1).

Table I lists the emittances measured at 12 m for all the

cases. The beam coming from the gun is round and emit-

tance symmetrical. It reaches the minimum emittance of

0.9 � mm-mrad at about 5.2 m from the cathode. Without

any focusing elements, the emittance would drift gradu-

ally up to 2.5 � mm-mrad.

TABLE I

EMITTANCEMEASURED AT LINAC ENTRANCE

Setup (10K particles) �n
x
=�n
y
(� mm-mrad)

Two triplets (T1 & T2) 2.3/1.9
One doublet at T1 1.4/1.8
Solenoid shielded Neumann 1.3/1.4 No fringe Bz

Solenoid shielded 2cm hole 1.4/1.5 Small fringe Bz

Solenoid shielded 3cm hole 1.4/1.5 Small fringe Bz

Note: BC is switched o�.

The version with two thick triplets, each of size

DOFOD=8cm-6cm-14cm-6cm-8cm, seems to be the

worst. The lowest emittances (�nx=�
n
y ) achieved are 2.3/1.9

� mm-mrad. The emittances are not symmetrical and

moreover, they are usually hard to control.

A better choice would be a thin doublet. By using a

FOD doublet of size 5cm-3cm-5cm with a gradient of 500

G/cm, we are able to reduce the emittances to 1.4/1.8 �

mm-mrad, although symmetry is still a problem.

With the e�ectiveness of the solenoid driven space

charge compensation in a gun in mind, one automatically

turns to solenoids in place of quadrupoles. In addition,

solenoid focusing is symmetrical by nature. These two ad-

vantages make the solenoid version the best choice. The

space charge compensation process along a beam line is

exactly the same as that after a gun with respect to the

phase space precession (Fig. 3).
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Fig. 3: Upper: 3D x�x
0

Space Charge CompensationProcess along

Beam Line; Lower: Emittance Compensation Process after Gun

IV. Conclusion

We have presented a wake �eld simulation of the DESY

FEL low emittance gun by using the MAFIA FDTD-

based self-consistent solver TS2. It was found that the

wake �eld induced emittance growth is quite small. Thus

space charge codes are usually accurate enough for such

gun simulations.

It has been seen that solenoids are best suited for con-

serving the beam emittances of a symmetric beam along

transport lines, when beam emittance is a primary con-

cern. This is, in fact, an extension of the space charge

compensation technique to beam lines.
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