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1 Introduction

The specific aspect of the TESLA FEL beam is the very short bunch rms length
o, = 25pum with normalized emittance 0.7mm-mrad that have to be transported
at a distance about 12km to User laboratories after extraction from the main
linac at energies 13 — 27GeV ( first beamline), 23 — 50GeV (second beamline)
[1]. The impedance of the beamline is basically dominated by the interaction
of the beam with the vacuum chamber with finite conductivity producing the
longitudinal and transverse wake-fields. The knowledge of the resistive wakefield
effects in beamline is important for the parameter choice and cost optimization
with regards to preserve the bunch energy spread and beam emittance that are
required for successful SASE -FEL operation.

The behavior of the resistive wake fields have been studied by many authors[2-
8]. In this report the summary of resistive wake field effects in circular metallic
pipe with finite conductivity is given based on the work done by A.Chao[2] and
K.Bane [3] as most exhaustive. The numerical examples of the longitudinal and
transverse wake potentials induced by the TESLA-FEL beam in vacuum chamber
of bending magnets and in beam pipe of a long straight section are given.

The practical MKSA units are in used. To convert the formulas in MKSA
units into the equivalent form for CGS units the impedance Zy and permittivity
gg of free space have to be replaced by : Zy — 47 /¢, ¢g — 1/4m. In MKSA units
Zo =377 Q, g0 = 1/(36710°%) C'/Vm.

2 Impedance of finite conductivity pipe

Consider a point charge () moving parallel to the z-axis at the speed of light ¢ in
an infinitely long, metallic cylindrical pipe of radius b whose axis coincides with
the z-axis. Let at time ¢ = 0 the charge is at location z = 0.The fields left by
the charge are then depend on z and ¢ only in the combination z — ¢t . The
transverse position of the driving charge is (', = 0) in cylindrical coordinates
(r,0). The longitudinal position variable related to the charge is then s = ¢t — z,
with negative values of s located in front of the driving charge.

The conductivity of the wall material in general is dependent on the electro-
magnetic field frequency and is given by
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(1)

with the og the static conductivity, w is a frequency of the field and 7 is a

o= -
1 —wor

relaxation time of a metal. The conductivity and relaxation time for some metals
are given in Table 1. The numerical results for the induced wakefields are given
for copper made vacuum chambers.



Table 1. Material properties.

Material Static conductivity | Relaxation time
oo(x107Q " Im 1) T (x107Hs)
Argentum 5.93 3.76
Copper 5.88 2.46
Aluminium 3.65 0.71
Stainless steel 0.14 -

The longitudinal impedance per unit length 7 is given by the Fourier trans-
form of the longitudinal electric field

Z(k) = —&/_O; dsE, (s)eo, (2)

The result of the solution for impedance is given by A.Chao[2] as an expansion
over the multipole modes

Zo & cos(nf) [rr'\" i\ ikb ]
Z(k '0) = — — 1+ do)— — 3
(k, .17, 0) wbn:01—|—507n(62 (14 30) 7 (nt1) 3

where n = 0,1,2 are the monopole, dipole and quadrupole terms respectively,
So.n i the Kronecker delta function, k = w/c and A\? = ickZ,.

The longitudinal wake potential per unit length is then given by the inverse
Fourier transform of the impedance

W.(s) = —%Ez(s) — i/_(: dkZ(k)e*s (4)

The transverse wake potential is given by Panofsky-Wenzel theorem|[9]

%WL(R s)=—7L W.(r,s) (5)

In further, the wake potentials are evaluated neglecting the very low and too
high frequency contributions to impedance.
3 Longitudinal monopole wake potential

The behavior of the wake potentials are quite different at small and large distance
s behind the charge and are defined by the characteristic distance sq that is given
by pipe radius and conductivity of wall material

op2 \ /3
S 6
o= (o) 6)
As an example, for a copper pipe with radius b = lem, so = 20um.
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3.1 Wake potential in different models.

Model 1. Static conductivity. Long wave range approach s >> s; .
The longitudinal wake potential for a point driving charge is given by

1 50\%/? 1 1
e () "
Ameg/2mb? \ s Arreg/T Zogo bs3/2
For the Gaussian charge distribution with rms length o, large compare to
characteristic distance so (0, >> so) the long wave range model well define the
wake potential within the bunch. The monopole term for the longitudinal wake
potential is given by

1
We(s) = =~ f(5]:) (®)

with

f(u) = |U|5 e_uT ([1/4 - [—3/4 + [_1/4 + [3/4) |u2/4 (9)

where [ is a modified Bessel function; the upper signs apply for v < 0, the lower
signs for u > 0.

The RMS energy spread o and the longitudinal loss factor k., are then given
by

o0 1/2 0.46eQ)
oc=c¢€ dsp(s\W?2(s) — kz] = 10
c= Q[ dsplsW(s) — k2 T (10)
00 I'(3/4
b= [ s Wgs)ds = — D m
—co 2m2egboy N2 20

The maximum and minimum absolute value of f(u) within the bunch is equal
Jmin = f(—=0.56) = —1.705; fimax ~ f(1.74) ~ 0.7835 and the peak-to-peak energy
spread AF is then given by

2.4885

AE = QW = Wen] = = (12)
Putting in constants we get
k, = 2.522 [nggiﬂ] 603/101/2 (13)
oe = 0.136 [né’/;;/?] ba;?am (14)
AE = 0.408 [nggl‘/z] ba;?al/? (15)



The numerical simulation study including short range wakes shows that the
formulas based on long wake approximation are valid for the bunch rms length
o, > 4sg.

As an example is the resistive wake that will be induced by TESLA beam
o, = 0.3mm in copper vacuum chamber of a bending magnets at the part of
the transition at 55 GeV. For copper vacuum chamber the results are valid for
chamber radius r < 10em (so < 0.1mm) . For pipe radius b = 3¢m, the char-
acteristic distance sg = 40um,and the rms and peak-to-peak induced correlated
energy spread per unit length are oc = 0.24KeV/m, AE = 0.75KeV/m. For 40m
length of the magnet these correspond to 9.6 and 30 KeV energy spread.

Model 2. Static conductivity. Short and long range wakes.

Short range longitudinal monopole wake potential for static conductivity in-
cluding the low and high frequency part of the impedance is given by

: (1 e V35 V2T x2e‘“’25/50)
COS _ d e e———

_e_
7T€0[)2

T
3 S0 ™ 8 + 8

w. (s) = - (16)
Model 3. Frequency dependent conductivity. Short and long range
wakes.
The impedance is then given by

708
2(k) = 27262

@ (@\/H+ sgn(k)v1 — t/\) - %] (17)

where kg = spk is a dimensionless wavenumber, [' = 7¢/s¢ is a dimensionless

metal relaxation time and ¢, = |ko|I'/1/1 + k2I'2. The wake potentials for high
I' limit may be presented as follows:

1 1/4
w, = ————e /%0 ¢cog [(%) i] (18)

Tegh? So

For arbitrary I' the wake potential is calculated numerically.

Model 4. Ultra-short range approach .

In an ultrashort case, when the bunch rms length o, is small compare to
characteristic distance sg the wake potential is mainly influenced by the wake at
ultrashort distances, with an approximately constant amplitude given by

w,(s) = —— (19)

7T€0[)2

which is independent of the conductivity of the wall material. The wake potential
within the Gaussian bunch is then given by error-function

1 s 1 S
L(s) ~ — Nds' = ——— |1 f 2
W, (S) 7T€0[)2 /—oo p(S ) ° 27'['50[)2 [ Ter (\/50‘2)] ( 0)




with the loss factor and rms energy spread given by

1 V.m]1
= =18 — 21
2megh? [ nC ]62 (21)
B eQ Vem]eQ
oc = 0289#5062 =104 [ v ] 2 (22)
e@) V-m]eQ
AE ~|W,(30,) — W.(—30.)| ~ = — 2
W (30) = Wl =30) |~ = 36 | 20| (23)
As an example for the copper pipe radius of b = 15e¢m the characteristic

distance sg = 120um (0,/s9 ~ 0.2). The induced RMS and peak-to-peak energy
spread at 10 km are: o = 4.6MeV and AE = 16MeV.

3.2 Longitudinal monopole wake for FEL beam.

Fig.1 shows the longitudinal wake potentials for TESLA FEL gaussian bunch (
0. = 2bpum) for two values of the pipe radius b = 5em, 10cm using the model of
static(solid line) and frequency dependent (dashed line) conductivity and includ-
ing the short and long range contribution to the wake potential. For comparison
the wake potential in long range approach for b = 5¢m case is given by dotted
line.

—4 -2 0 2 4 o 3 10

Wake Potential W, ( V/pC/m )

Longitudinal distance s/a,

Fig.1 Longitudinal wake potentials for TESLA-FEL gaussian bunch (o, = 25um
) for pipe radius b = 5em and b = 10em. The solid and dashed curves correspond
to the models of static and frequency-dependent conductivity. For comparison,
the long range approach (dotted curve) for b = 5em is shown. Material - copper.



Fig.2 shows the rms (a), peak-to-peak (b) and maximal (c) energy spread
versus of the beam pipe radius for the TESLA FEL beam. The solid line -static
conductivity, the dashed line - frequency dependent conductivity. For comparison
shown the long ( 0, > s¢) and ultra-short (o, < s¢) bunch approaches.
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Fig.3 shows the longitudinal wake potential of TESLA FEL beam for the
pipe radius b = 15¢m with static (solid line) and frequency dependent (dashed
line) conductivity. The RMS and peak-to-peak energy spread for pipe length 12
Km are equal 3.8 and 13.2 MeV respectively.
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Fig.3. Longitudinal wake potentials for TESLA-FEL gaussian bunch (o, =

25pum) for pipe radius (b = 15e¢m), caleulated using static (solid curve) and
frequency-dependent (dashed curve) conductivity models. Material-copper.

3.3 Induced energy spread in TESLA- FEL transfer line.

The tolerable RMS correlated energy spread of the beam for successful operation
of the SASE-FEL is estimated at the level of 1072, For minimum operation energy
of the SASE-FEL at 13 GeV, these correspond to induced energy at the level of
13 MeV.

Two main parts of the FEL beamline that are the substantial source of the
resistive wakes are :

1) the elliptical vacuum chamber of the bending magnets with the total length
of about 500m and small vertical half-aperture (b~1.5cm);

2) the round vacuum chamber for beam transport to 12 km after extraction
from the main linac ( two beamlines in energy range 13-27 GeV and 23-50GeV).

Induced energy spread in bending magnets.

As it follow from the Fig.1 for longitudinal wake potentials of FEL beam,
for pipe radius below 5Hcm, the maximum energy deviation within the range
( —30.,30.) is defined by peak-to-peak energy deviation ( Fig.2) and the in-
duced absolute value of energy deviation per unit length induced in pipe of radius



b=1.5cm is 46 KeV/m. For 500m of the vacuum chamber the energy deviation

is then 23 MeV.
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Fig.4 Energy spread in small resistive pipe with the frequency dependent con-

ductivity. Material-copper.

Table 2. Energy spread in small pipe.

Vertical half aperture b (mm)

10112 |15 |20 | 25

Peak-to-peak energy deviation AFE,( KeV/nC/m)

66 | 56 | 46 |34 | 26

Maximum retarding potential AE,,(KeV/nC/m)

41 |34 |27 |20 |15

Total peak-to-peak deviation AFE, 1o1q1(MeV)

33128 |23 |17 |13

Total max retarding induced energy AFE,, tora( MeV)

21117 |14 |10 | 7.6

RMS energy spread at 500 m oc(MeV)

101 8.216.3|4.2]3.0

Taking into account that the long wave model for a round pipe and two
parallel infinite plates gives the same monopole longitudinal wake potential [2,6]

when the bunch width small compare to geometrical size of vacuum chamber,
the above numbers well estimate the resistive wake effect in elliptical vacuum
chamber of a bending magnets. Table 2 presents the induced energy spread for

different aperture of the vacuum chamber.

Induced energy spread in straight beamline.

As it follow from the Fig.1 for longitudinal wake potentials of FEL beam,
for pipe radius above 10 cm, the peak-to-peak energy deviation within the range
( —30.,30.) is defined by maximum retarding potential ( Fig.2). The induced
peak-to-peak energy deviation per unit length induced in pipe of radius b=15cm



is 1.1 KeV/m. For 12km of the vacuum chamber the total peak-to-peak energy
deviation is then 13.2 MeV.

Table 3. Energy spread in large pipe.

Radius of the pipe b (mm) 100 | 120 [ 150 | 175 | 200
Max retarding potential AFE,,( KeV/nC/m) | 2.15 | 1.6 | 1.1 |0.84 | 0.67
Total energy deviation at 12km (MeV) 25.8 | 19.1 | 13.2 | 10.1 | 8.04
RMS energy spread at 12km oc(MeV) 7.55 | 5.6 | 3.87 | 2.97 | 2.36
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Fig.5. Energy spread in large resistive pipe with the frequency dependent con-
ductivity. Material-copper.

Resulting energy spread

The total induced energy in the beam is the superposition of the induced
energy in bending magnet elliptical vacuum chamber and in round pipe of straight
beamline.

AE(s) = eQ [LsW!(s) + LsWP(s)] (24)

where Ly, Lg are the length of the small and large vacuum pipes. The two sources
( small and large pipes) of resistive wakes produce the different type of wakes:
while the wake in small pipe is close to long range approach, the wake in large
pipe is close to short range approach. And as clear follow from the shape of the
wake potentials (Fig.1), the peak-to peak total energy spread is defined by the
maximum retarding wake potentials when the maximum induced potentials in
two parts of transfer line are at the same order. As an example, Fig.6 presents
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the total induced energy deviation within the bunch after FEL beam passes 500

m pipe of radius 15mm and 12 km pipe of radius 15c¢m.
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Fig.6 Resulting induced energy spread in FEL bunch ( solid line) after passing
the 500 m long vacuum chamber of bending magnets (b=1.5¢m) and 12 km long

transfer line (b=15¢m). Dashed lines show the induced
transfer line. Material -copper.
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Fig.7 Induced resulting energy spread versus of beam pipe radius. The length
of the large and small pipes are Ly, = 500m, Lg = 12km respectively. The pipe

radii are related as B=10b. Material-copper.
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Fig.7 shows the resulting RMS and peak-to peak energy spread for the FEL
beam in whole transfer line. The radii of the small (b) and large (B) pipes in two
parts of the transfer line are related as B = 10b.

The numerical values for energy spread is presented in Table 4.

Table 4. The resulting energy spread.

Radius of the pipes b (¢cm)/B(em) 1./10 | 1.2/12 | 1.5/15 | 1.75/17.5 | 2.0/20
Ly, =500m, Lg = 12km

Average energy loss AF,,(MeV) 27.5 22 16.3 13.5 11.2
Peak-to -peak energy spread (MeV) | 40 32 24 19.7 16.5
RMS energy spread oc(MeV) 11.8 9.5 7.2 6.0 5.0

4 Transverse dipole wake potential

4.1 Dipole wake in different model

Model 1. Static conductivity, long wave range approach (s >> sg).
The transverse wake potential for a point charge is given by

B 1 r 1
wi(s) = 320\ Zoo NERSYE

For gaussian bunch the dipole wake read as

(25)

”
Wi(s) = s/o, 26
J_( ) 2%50630;/2 ,—QZOUfJ_( / ) ( )

with
Fuw) = [l e (Lyya £ Tya) Ly (27)

The maximum of the transverse wake potential is reached at s~ o, and is given

by

1.67x Vem r
Wimax = = 1.095 [ ] 28
. 2#50630;/2\/2Z00 nC - Q1/2 630;/201/2 (28)
and the transverse loss factor is given by
I'(1/4) r [ Vem ] r
. = = 0.756 29
22072200 b3l nC - Q2] 3125172 (29)

For two-particle model of the bunch , the special interest is the transverse wake
potential of a point charge at the distance s = 20,

1 r
7T3/2€0\/ QZOO' ‘ 630-;/2

Model 2. Static conductivity. Short and long range wakes.

wy(20,) = (30)

:0.74[ Vm ] d
b

nC - Q/2

1/2
302/ ol/2
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Short range dipole wake potential [3]

o= 25/50
Wit = o [V () o (V)] + 22 s

(31)

Model 3. Frequency dependent conductivity. Short and long range
wakes.

The potential is calculated numerically.

Model 4. Ultra-short range approach

In an ultrashort case, when the bunch rms length o, is small compare to
characteristic distance sg the wake potential is mainly influenced by the wake at
ultrashort distances, with an approximately constant amplitude given by

2r

7T€Ob4

(32)

wy(s) =

which is independent of conductivity of the wall material. The transverse wake
potential within the Gaussian bunch is given by error-function

Wals)~ o [ pls!)(s—s)ds' =

s+ s- erf( /\/_O'Z) @026_52/201

7T€Ob4 7T€Ob4
(33)
with the transverse loss factor
0 20,1 Vemjo,r
_ / A A 2

kz—/_OOWL(S Jp(s')ds' = Py PR 406[ e ] x (34)

and the transverse wake potential of point charge at the distance s = 20,

dro, V-m] o.r

20.) = =144 35
w1 (202) Tepb?t [ nC ] bt (35)

4.2 Transverse dipole wake for TESLA-FEL beam

Fig.8 shows the transverse wake potentials for TESLA FEL gaussian bunch (
0. = 2bpum) for two values of the pipe radius b = 5em, 10cm using the model of
static(solid line) and frequency dependent (dashed line) conductivity and includ-
ing the short and long range contribution to the wake potential. For comparison
the wake potential in long range approach is given by dotted line.
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Fig.8 Transverse wake potentials for TESLA-FEL gaussian bunch (o, = 25um)
for pipe radius b = bem (1) and b = 10em (2). The solid,dashed and dotted curves

correspond to the models of static conductivity, frequency-dependent conductivity
and long range approach respectively.
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Fig.9 Transverse wake potential for the point-like charge at the distance s =
20, versus of the pipe radius for static (solid curve), frequency-dependent (dotted
line), long -range (dashed line) and ultra-short (dot-dashed line) models.

Fig.9 shows the transverse wake potential at the distance s=2c, versus of the
pipe radius for static and frequency dependent conductivity. The transverse wake
potential for the pipe radius b = 15¢m is shown in Fig.10.
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Fig.10 Transverse wake potentials for TESLA-FEL gaussian bunch (o, =
25pum ) for pipe radius b = 15¢m. Shown the results for static (solid line) and
frequency-dependent (dashed line) conductivity models. Material -copper.

4.3 Transverse wake field effects.

The first beamline should be suitable for whole energy range 13-27 GeV. The
optical solution for periodic FODO lattice is given by relation

SIN— = — 81N — (36)

with Fs, piz the energy and phase advance per cell for high energy beam (27 GeV),
E1, 1 the energy and phase advance per cell for low energy beam (13 GeV). The
reasonable values for phase advance per cell are then gy = 100 and puy = 45
degrees.

Emittance enlargement by transverse wakefield.

Consider the free coherent oscillation of the FEL beam in 12 km long beamline
that is contain of periodic FODO lattices. The beam is enter to beamline with one
standard initial offset. A good analytical prediction of the emittance enlargement
by transverse wakefields is follow from the two-particle model of the bunch. The
beam is modeled by two macro-particles with the charge ()/2 that are separated
by the longitudinal distance As = 20,, where o, is the rms length of the bunch.
The first, heading particle feels no transverse wakefield and thus undergoes free
betatron oscillations with initial amplitudes g, zj. The second , trailing particle
experiences the dipole wake potential wy = w,(20.) due to off-axis motion of the

15



leading particle. With neglect of dispersive effect, the emittance enlargement for
one sigma offset is then given by

(37)

Ae 1 (ede)2 1Lt
€o 2

T2\ 8K, / sinZu N?

cell

with £ natural beam emittance, Fy - design particle energy, o -the phase advance

per FODO cell , L -the total length of beamline and N number of FODO cells.
Emittance dilution by longitudinal wakefield.

The emittance dilution is dispersive. The relative correlated rms energy

spread along the beamline increase as
(38)

with o¢ induced rms energy spread per unit length in resistive pipe. The emit-
tance dilution for one standard offset is then given by

A 4 (E (39)

2
— EO ) (Nce” — 1)2 . iLClnzE

€0 €o 2

Uncorrelated dispersive emittance dilution.

For the initial rms uncorrelated energy spread 4., , the emittance dilution is

Ae

€o

(40)

2
= 2@5271]\[026” ) tanzﬁ
€o 2

The optical parameters and expected emittance enlargement for one sigma offset
(a3 = ¢) and pipe radius 15 cm is presented in Table 5. The phase advance per

cell for low energy ( E=13GeV) and high energy (E=27 GeV) beams are y; = 100
degree and pz = 45 degree respectively.

Table 5. Emittance dilution for £ = 13GeV FEL beam.

Number of FODO cell 20 30 40 50
Cell length 600 400 300 240
Max 3 value E=27 GeV (m) 1170 780 585 468
Max 3 value E=13 GeV (m) 1074 716 537 430
Emitt. dilution by trans. wake | 1.2-10=7 | 0.55-10=7 | 0.3-10~7 | 0.18-10~7
Emitt. dilution by long. wake | 6.2-107° | 1.55-107* | 2.5-107* | 4.2-107*
Uncorrelated dispersive dilut. | 1.1-107% | 2.5-107° | 4.5-1072 | 7.1-107°
wy(20,) = 6.1V/nC/m?, oc = 0.2KeV/m, 6y, = 1072, 1y = 100 deg.
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Thus, the emittance dilution in 12 km straight line with pipe radius at the
level of b = 15¢m is dominated by dispersive effects. If the suitable matching
optics is available then the number of the FODO cell is reasonable to keep as
small as possible.

Transfer line of bending magnets.

Consider the vertical emittance dilution due to transverse resistive dipole
wake induced in small vacuum chamber (b=1.5cm) of bending magnets with the
total length of 500m. The beam is enter to magnet with one standard offset.
Assuming the smooth variation of betatron function in bending magnets, the
emittance dilution of the beam is given by

Az Lag (ede)2L4
€o 250 8E0 b

(41)

where [ is the total length of the bending magnet. The dipole wake per unit
length at a distance of s=2¢, induced by a point charge in a copper vacuum
chamber with radius b=1.5c¢m is equal to w,(20,) = 8K eV/nC/m?*. The expected
maximum emittance dilution at the distance L, = 500m is then Ae/go = 2.6-107*.

5 Aluminium and stainless steel type materials.

In this section we give the induced energy spread in FEL beam for a pipes with
Tables 6 and 7 present the induced
energy spread in transfer line that includes the resistive longitudinal wakes in the
vacuum chamber of bending magnets (vertical aperture b=1.2cm, 500 m long)
and in round pipe of long beamline ( radius B=12c¢m, 12 km long).

aluminium and stainless type materials.

Table 6. RMS energy spread for different metals (MeV).
B=12cm, b=1.2cm.

Copper | Aluminium | Stainless
Small pipe | 8.2 8.55 18.5
Large pipe | 5.6 5.9 7.6
Total 9.5 10.56 25.6

B=12cm, b=1.2cm.

Table 7. Peak - to -peak energy spread for different metals (MeV).

Copper | Aluminium | Stainless
Small pipe | 28.2 31.8 63.2
Large pipe | 19.1 20.2 27.6
Total 32 36.3 90.35
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The rms, maximum retarding potential and peak-to-peak energy spread in-
duced by FEL beam in large and small pipes made from aluminium and stainless
steel type materials are shown in Fig.11-14.
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Fig.11. Induced energy spread in aluminium large pipe.
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Fig.13 Induced energy spread in aluminium small pipe.
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6 Summary

Based on the study of the resistive wakefield effects in vacuum pipe of the transfer
line, the following conclusions can be made.

e The suitable material for beam pipe is aluminium both from the induced
energy and cost optimization point of view.

o The reasonable value of pipe radius in long 12 km straight line is b=12cm.
o The vertical half-aperture in bending magnets 1.4-1.6cm.

o The total peak- to-peak induced energy spread is then at the level of AF =
32MeV

o The RMS energy spread is at the level of 0,,s = 10MeV

o The emittance dilution in straight line is dominated by dispersive effect and
for one sigma coherent oscillations is at the level of 107%.

o The reasonable number of quadrupoles in 12 km long transfer line is 60-80

(30-40 FODO cells).

e The maximum emittance enlargement in bending magnets is at the level of
4-107* for one sigma offset of the beam.
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