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Abstract

The exact alignment of accelerator components is of cru-
cial importance for the production of low emittance beams.
Once a beam-line section is set up, a supplementary correc-
tion of misalignments implies the knowledge of its magni-
tude which is difficult to determine using conventional ad-
justing instruments. An excellent alternative to measure
existing misalignments of accelerator components is to
vary machine parameters and compare the behaviour of the
beam with results obtained from a simulation. It is obvious
that time consuming particle tracking programmes are not
appropriate to reach this aim. Regarding computing time,
the on-line simulation code V is advantageous compared
to other beam dynamics programmes. The theoretical ba-
sis of V-Code, the “Ensemble Model”, consists of self-
consistent equations for the ensemble parameters that are
derived from the Vlasov equation. The requirement to sim-
ulate misalignments such as offsets and tilts led to the de-
velopment of the ALIGNMENT UTILITY which utilizes the
solver of V-Code. The new utility enabled us to investigate
the beam-line alignment of the TESLA Test Facility injec-
tor. This contribution presents the theoretical background
and an illustrating example of the optimization process.

1 INTRODUCTION

Most of the currently available beam dynamics pro-
grammes apply single particle dynamics on a set of “macro
particles” defined by their position in phase space and their
charge-to-mass ratio. The accuracy of this method depends
on the number of macro particles used for the simulation.
As the simulation time increases rapidly with this number
such programmes are not applicable if a sequence of sim-
ulations has to be carried out or if the simulation has to be
on-line. This limitation cease to exist if the Vlasov equa-
tion is applied to particle beams as it is done in the on-
line beam dynamics programme V-Code [1]. The theoret-
ical basis of the V-Code solver is the “Ensemble Model”
which treats the beam as an ensemble of particles that is
not only described by its position and momentum but also
by the correlations in the six dimensional phase space [2].
In the approximation of linear forces the phase distribu-
tion function can be replaced by a set of ensemble param-
eters. The time evolution of these parameters results from
a system of coupled differential equations that are derived
from the Vlasov equation. The ALIGNMENT UTILITY uses
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the V-Code solver for the detection of misalignments of ac-
celerator components by optimizing the misalignment pa-
rameters until simulation and measured data yield a good
agreement.

2 THE ENSEMBLE MODEL

To simplify the formulation of the Ensemble Model let
us first introduce some notations. For the particle’s veloc-
ity ~V , energyE and momentum ~P we write the normalized
quantities

~� =
~V

c
; 
 =

E

mc2
and ~p =

~P

mc
;

with the speed of light c and the particle mass m. In the
time equations of subsection 2.2 we will use � = c � t as
time coordinate and ~F = ~F=mc2 as normalized force.

2.1 Ensemble Parameters

An ensemble is described by six first order and 21 sec-
ond order parameters. The first order parameters are the
average values of the particles’ positions and momenta and
can be grouped in a vector h ~Ri:

h~Ri = (h~ri; h~pi) = (hxi; hyi; hzi; hpxi; hpyi; hpzi) :

One can further define a vector � ~R = ~R � h~Ri as a mea-
sure for the variation of a particle from the average values.
The second order moments, representing the correlations
between pairs of these variations, can be expressed by

Mij = h�Ri�Rji for i; j = 1; 2; : : :6 : (1)

Arranging the second order moments into three separate
3� 3 matrices we get for i; j = 1; 2; 3:

1. Matrix bS for the position-position correlations:bSij =Mij

2. Matrix bL for the position-momentum correlations:bLij =Mi(j+3)

3. Matrix bT for the momentum-momentum correlations:bTij =M(i+3)(j+3)

Due to the relation Mij = Mji (from (1)) the matrices bS
and bT are symmetric whereas matrix bL is not. The three
matrices can be combined to a single one:

cM =

 bS bLbLT bT
!
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The determinant of cM is the square of the volume in the
six-dimensional phase space occupied by the ensemble and
thus the square of the total beam emittance ":

" = det
�cM��1=2 : (2)

To clarify the meaning of the ensemble parameters for an
uncoupled motion one can correlate them with the well
known Courant-Snyder parameters. Projecting the phase
space on the the x-px-plane the following relations between
the Courant-Snyder parameters, denoted with �x, �x and

x, and the correlations from the Ensemble Model hold:

�x = �
L11
"
; �x =

S11
"
; 
x =

T11
"
;

where " is the full emittance given by equation (2).

2.2 Set of time equations

Within the scope of the Ensemble Model the behaviour
of the beam in time is described by a set of 27 coupled ordi-
nary differential equations, expressing the time dependence
of each ensemble parameter. These equations are derived
from Vlasov equation for vanishing dissipative forces,

@ (t; ~r; ~p)

@t
+rr (t; ~r; ~p) �

~p



c+rp (t; ~r; ~p) �

~F

mc
= 0 ;

(3)
stating that the volume occupied by a given number of par-
ticles in phase space remains constant. Multiplying equa-
tion (3) by �=c, where h�i may be any of the ensemble pa-
rameters, and applying a partial integration yields the equa-
tion for average values:

�
@h�i

@�
+ hrr� �

~p



i+ hrp� � ~Fi = 0 :

The averaging of the second term necessitates the substitu-
tion of the factor 1=
 by a Taylor expansion:

1



=

1p
1 + ~p 2

�
1


m
�

1

2
3m

3X
i=1

�
2hpii�p

2
i � bTii

�
(4)

where terms of the order �~p 2 = (~p� h~p i)2 are neglected,
which is only valid if �~p � h~p i, i.e. if the energy dis-
tribution of the beam is sharp enough. In equation (4) 
m
denotes the root-mean-square of the particle energy 
. The
time equations result from the application of equation (3)
to each ensemble parameter [2]. They can be expressed in
matrix form:

1. Average position:

@h~ri

@�
= cW � h~p i ; where cWij =

Æij

m

�
bTij


3m

2. Average momentum:

@h~pi

@�
= ~F

3. Position–position correlations:

@bS
@�

= bV �bLT +bL � bV ; where bVij =
Æij

m

�
hpiihpji


3m

4. Position–momentum correlations:

@bL
@�

= bV � bT+ bY ; where bYij = h(ri � hrii)Fji

5. Momentum–momentum correlations:

@ bT
@�

= bZ+ bZT ; where bZij = h(pi � hpii)Fji

If one deals with linear forces a Taylor expansion can be
applied to ~F allowing the solution of the averaging expres-
sions in the matrices bY and bZ [3]. The subsequent refor-
mulation of the matrix equations forms the basis for a com-
putational evaluation [4].

3 THE ALIGNMENT UTILITY

The ALIGNMENT UTILITY is a PC based MDI windows
application which treats beam dynamic calculations with
the simulation Code V in combination with data acquired
by means of an experiment. It is capable to deliver a set
of alignment parameters which brings the simulation into
agreement with the corresponding data. The measured
quantity serving for comparison is the beam position at a
certain location of the beam-line which is provided with a
suitable measuring device. The optimization process itself
is based on the minimization of a functional �(~u) which
depends on a set of l alignment parameters u1; : : : ; ul sum-
marized in a vector ~u. For a single series of measurements
it has the following form:

�(~u) =

nX
i=1

h
wx
i

�
xsimi (~u)� xmeas

i (~u)
�2

+

+ wy
i

�
ysimi (~u)� ymeas

i (~u)
�2i

+ fp(~u; ~u
min; ~umax)

where n denotes the number of data points of the se-
ries of measurements, wx

i , wy
i are weight factors of data

point i which are connected with the data’s error and
xsimi , ysimi respectively xmeas

i , ymeas
i are the simulated

and measured x- and y-positions of the beam. The func-
tion fp(~u; ~u

min; ~umax) is a penalty function which in-
creases rapidly when the alignment parameters ~u found in
an intermediate step of the optimization approach the user
defined limits ~umin and ~umax. As the optimization is
searching for the minimum of the functional this ensures
the result to remain within a predefined range. It is also
possible to synchronously optimize several series of mea-
surements. In this case the functional to be evaluated is
the sum over all functionals �(~u) which ought to be con-
sidered. To yield the value of the functional the V-Code
solver is employed. It simulates the beam until the loca-
tion of the measurement device using the current settings
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of the machine and returns the beam position. At the cur-
rent status of the development the one-dimensional (l=1)
and the two-dimensional (l=2) optimization have been im-
plemented. For the one-dimensional case a golden sec-
tion search is applied. The two-dimensional minimization
makes use of the downhill simplex method [5].

4 APPLICATION TO THE TESLA TEST
FACILITY (TTF)

The ALIGNMENT UTILITY was utilized for adjustment
studies of the TTF laser driven electron-gun. The gun sec-
tion consists of a 1.5 cell rf-cavity operating at 1.3 GHz, a
cathode system, a bucking coil and two focusing solenoids
(SOL1 and SOL2). For diagnostic purposes a beam posi-
tion monitor (BPM1) is mounted at the gun exit. In our ex-
periment we investigated the dependence of the beam spot
position at BPM1 from the coil current of SOL1 varied in
a range of 0: : :400 A while bucking coil and SOL2 were
kept switched off. In case of perfect alignment, i.e. a co-
incidence of cavity axis, magnetic axis of the solenoid and
laser position on the cathode, a variation of the solenoid
current does not have any influence on the beam position.
Only if there is a shift between these axes the beam starts to
move on a helix-like trajectory, the circular frequency !H

of which, given by !H = eH=mc
, depends on the mag-
netic field H and thus on the solenoid current [6]. An in-
crease of the revolution frequency caused by a higher mag-
netic field involves that the electrons cover a larger fraction
of the first helix-winding. The measurement therefore rep-
resents a projection of the electron path on the x-y-plane
for the highest magnetic field set during the experiment.

The result of such a measurement is shown in figure 1
(red rhombs). It is compared with the values calculated by
the ALIGNMENT UTILITY after each of four iterations in
total. One iteration consists of a 2D optimization of the x-
and y-position of the laser beam spot on the cathode and
a subsequent 2D optimization of the corresponding posi-
tions of the centre of SOL1. In iteration 1 and 2 BPM1
was assumed to be on axis. In iteration 3 and 4 a possible
misalignment of BPM1 was taken into account by carrying
out an additional analytical minimization. Even without
considering an BPM1 offset the simulation qualitatively re-
produces the movement of the beam spot on the x-y-plane.
However, there is a distinct deviation for low solenoid cur-
rents. Permitting a BPM1 offset the simulation yields a
much more convincing agreement between the calculated
and measured curve. Figure 2 demonstrates the develop-
ment of the laser and solenoid position in the course of the
four iterations. As iteration 4 does not yield a significant
change compared to iteration 3 an additional optimization
is not indicated. Table 1 summarizes the alignment param-
eter found after the last iteration. The given values may
serve as instruction for adjusting solenoid and laser. By
an alternating procedure of measuring and adjusting a re-
markable improvement of the beam-line alignment could
be achieved [6].

Table 1: Misalignments from simulation.

laser beam SOL1 BPM1
x/mm y/mm x/mm y/mm x/mm y/mm
-1.15 +0.02 -0.21 +1.12 0.00 +0.13
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Figure 1: Comparison of measured and simulated beam po-
sitions at the gun exit after each iteration.
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Figure 2: Laser spot and solenoid centre position after each
iteration (indicated by the numbers).
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