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Abstract

In this report the electron multipacting is analyzed in coaxial lines for a time-harmonic
wave which is either a pure one-way traveling or a mixed wave, i.e., a combination of
a standing wave and a traveling one. Two families of multipacting are found when the
wave ig partially reflected. In the case of one-way traveling wave these families are merged
together and the multipacting electrons are traveling along with the wave. Thus, in the
traveling wave operation, multipacting may occur on the entire line. On the other hand,
in the mixed wave operation multipacting is due to certain fixed points in the phase space
and the two MP families have essentially different behavior. We give simple scaling laws
for the multipacting power levels, when the wave is switched from the standing wave to a
traveling one (and vice versa). Also the previously found scaling laws for the standing wave
multipacting power levels with respect to the diameter, frequency and impedance of the
line are found to be valid for the traveling and mixed waves. The numerical computations
of this report were carried out during the joint project of Rolf Nevanlinna Institute and
Deutsches Elektronen—Synchrotron (DESY).

1 Introduction

Electron multipacting (MP) is one of the biggest problems in coaxial input couplers. The
phenomencn starts if certain resonant conditions for electron trajectories are fulfilled and if
the impacted surface has a secondary yield larger than one. In appropriate conditions, the
number of electrons may increase exponentially, leading to remarkable power losses, gassing
of the surface and heating of the walls. The resonance conditions for MP are

(1) An electron emitted from the cavity wall is driven by the EM fields and returns
back after an integer number of rf cycles to the same point of the cavity wall.

(2) The impacting electron produces more than one secondary electron.

In the previous report [2] we developed computational methods to analyze electron MP in
rf structures. The methods were applied numerically to analyze MP in coaxial lines with
the standing waves (SW). We were able to recognize those rf power levels at which MP may
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occur and thereafter, to locate and identify MP processes of different type. We showed that
in the SW case MP appears always close to the maximum of the electric field, where the
magnetic field is close to zero and hence, the repelling force ¥ x B due to the magnetic
field is minimal. This kind of MP, which is predominantly due to the electric field only, is
called electric multipacting (EMP). Further, we recognized two different dominant MP types.
First, there are one—point MP processes of different order on the outer conductor of the line.
Secondly, there are two—point processes from the outer conductor to the inner one and back.
Furthermore, in straight coaxial lines with the SW operation we found certain simple scaling
laws for the MP power bands with respect to the field frequency (f), the diameter of the line
(d) [2] and the impedance of the line (Z) [3]. The scaling laws are

(3) Pone—point ~ (f d)4 Za tho-—-point ~ (f d)4 221

In many cases it is important to understand the behavior of the MP power levels when the
field is switched from SW to the traveling wave (TW), i.e., the reflected wave vanishes. Since
the standing wave case is systemically considered in the previous report [2], here we focus the
discussion to the traveling waves and to a combination of SW and TW, so called mixed waves
(MW), or partially reflected waves. In these cases the numerical analysis of MP is performed
with the methods described in [2]. The main idea of the method is briefly reviewed here in
Section 2. In the numerical computations we have considered the 1.3 GHz, 50  coaxial line,
and the outer diameter of the line is 40 mm. The main results of the research will be also
presented in the forthcoming paper [4].

2 Methods to analyze multipacting

In this section we give a short review of the computational methods used to analyze MP in rf
structures. For more details we refer to [2] (and [4]).

First, we send at a fixed incident power a sufficiently large number of electrons from different
points of the wall of the cavity in different field phases. The initial velocity being a few eV
and perpendicular to the wall.! Then the electron trajectories are computed and the place of
the first impact on the wall together with the impact energy and corresponding field phase are
recognized. If the field phase is such that possible secondary electrons are able to leave the
wall, the trajectory calculation is continued. Let us denote X = 9Qx [0, 27|, where 92 denotes
the wall of the cavity. Here X is called the phase space. The part of X from where the electrons
are able to leave the wall, due to an appropriate direction of the field, is called a bright set.
The remaining part of X, from where the electrons are not able to leave the wall is called a
shadow set. After a given number of impacts (usually 30 impacts are calculated), the number
of electrons in the bright set, i.e., the number of electrons able to produce secondary electrons,
is counted. Depending on whether the secondary yield function is taken into account, we call
this total number of electrons as the counter function (no secondary yield included), denoted
by ¢,(P) or the enhanced counter function (secondary yield included), denoted by e,(P). We
repeat the trajectory calculations with several fixed power values. Obviously, if the counter
function ¢,(P) is large for some power P, the geometry and the dynamics create trajectories
that may cause MP. Further, the enhanced counter function e,(P) tells whether the secondary
yield is large enough for MP.

'Tn reality the orientation of the initial velocity varies, but because the energy of the field inside the line is
much higher than a few eV, the variation of the iniiial velocily is not significant.
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Once the possible MP power levels are recognized, we need to locate the different MP processes
in the phase space X. For this purpose we have defined the following distance function

(4) dn(p) = \/I»’Eo — 2,2 4 y|etre — elen |2,

where 7 is a properly chosen scaling factor (here v = A/(27)), p = (2, o) is the initial point
and (z,,¢,) is the impact point after n impacts. Obviously, the minima of the function d,,
point out the starting points and phases of those resonant trajectories that survive n impacts
and are able to multipact.

Figure 1 shows the plot of the relative electron counter cso(P)/co(P) in the SW operation
when the computation is restricted to the maximum of the electric field. Multiplying by 100
% the values on the vertical axis tells how many percent of initially launched electrons are still
in the bright set after 30 impacts. The orders of the most dominant processes are indicated
in the plot. The process marked by "mix” is a combination of a two~point process of order
one and an one-point process of order two.
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Figure 1. Relative electron counter after 30 impacts in the SW operation.

Figure 2 gives the corresponding relative enhanced counter function in the base 10 logarithmic
scale. MP occurs when the enhanced counter function is greater than one, i.e., the number of
electrons is increased. Therefore, all peaks above the solid line correspond to MP processes of
different type and order, and the corresponding power bands can be read from the horizontal
axis. In this report we use the secondary yield function given in [2], which is a typical function
for a niobium surface. The function is originally presented in [1].
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Figure 2. Relative enhanced electron counter after 3() impacts in the SW opera-
tion.

3 Traveling waves

First the pure TW operation is considered. We consider time-harmonic waves with the time
factor e~*!. Let a and b denote the inner and outer radii of the coaxial line, and let f denote
the frequency and U denote the voltage drop between the inner and outer conductor. Then
the TEM—mode fields in TW operation are given by the formulae

Erw(z,¢) = %(b/a)(cos(kz—ga)) &,

Brwle9) = gperras(eonlks = )

with ¢ = 1/,/Eoftp and k = w/c. Here (r,¢,2) is the representation of the field point « in

cylindrical coordinates, ¢ = wt is the phase of the field and ¢ is time. The average incident

power flow P of the (TW) electromagnetic field is related to the voltage U through the formula
U2

o b
5 P=—, Z="log—.
(5) 27’ 2r Oga

where Z is the line impedance and 7, is the wave impedance in vacuum.

To find possible MP power levels, we compute the counter function ¢,( P} initiating electrons
from both the inner and outer conductors of the line in different field phases. The electrons
initiated from the inner conductor are, however, drifted to the similar trajectories as the elec-
trons initiated from the outer conductor. Similar property was observed in the SW operation,
too. Thus, the one-point processes appear on the outer conductor only. Figure 3 shows the
relative electron counter function after 30 impacts. Comparing Figures 1 and 3 we observe
that the counter functions in the SW and TW cases are almost identical.
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Figure 3. Relative electron counter after 30 impacts in the TW operation.

Furthermore, a closer analysis of electron trajectories shows that processes of similar type can
be identified in both operations. In the TW operation the MP power bands appear at four
times higher power values than the corresponding power bands in the SW operation. Thus,
we get a simple rule for the MP power bands of different order

(6) PTW:4.PSW.

Heuristically, the physical explanation to this phenomenon is pretty simple. The peak voltage
in the SW operation is twice the peak voltage of the TW, which means four times in the terms
of the incident power.

However, the electron counter function tells only the number of surviving electrons, i.e., it
shows the rf power levels at which the geometry and electron dynamics are suitable for sta-
tionary trajectories. The actual number of secondary electrons depends on the impact energy
and the material properties of the impacted surface. Figure 4 shows the square root of the
average impact energy in eV of those electrons which are still in the bright set after 30 impacts.
Between the solid lines the used secondary yield is larger than one, and the maximum yield
1.5 is reached when the impact energy is about 400 eV (denoted by a dashed line). A closer
analysis of the impact energy shows that only the processes of order 2 - 9 are able to multipact,
because then the impact energy is in the suitable range. This is clearly demonstrated in Figure
5, where we have plotted the base 10 logarithmic of the relative enhanced electron counter
function after 30 impacts. The counter functions in Figures 2 and 5 (the SW and TW cases)
are still surprisingly identical. Thus, we may conclude that the average impact energy and
therefore, the secondary yield of the corresponding processes in the SW and TW operations
are of the same size.

Although processes of similar type can be identified in the SW and TW operations, the
trajectories of the MP electrons are not identical. Figure 6 shows the MP trajectories in the
TW operation, when the incident power is chosen to correspond to the one—point process of
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Figure 4. Average impact energy in 30 impacts in the TW operation.
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Figure 5. Relative enhanced electron counter after 30 impacts in TW operation.
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order one (P = 2600 kW) and two (P = 1300 kW), and the two-point process of order one
(P = 1900 kW). Here we have plotted 5 impacts and the initial points are on the left (at z = 0
or at time = ). An important feature is that the electrons are traveling along with the wave,
from left to right, as the wave form moves. Furthermore, the electrons are taking constant
steps between wall impacts, as Figure 6 shows, and they are moving to the same direction
as the wave propagates. However, this traveling phenomenon is rather slow, only about 1
mm or less between the wall impacts. Further, the traveling in the axial direction is very
small compared with the movement in the radial direction. In this particular geometry, the
ratio of the axial and radial move of the MP electrons is roughly 1/10. Due to this traveling
phenomenon, stationary MP trajectories may occur only if the field form stays similar on each
impact. In addition, MP may now appear on the entire line, in contrast to SW, where MP
may appear only on a discrete set of points, namely at the maxima of the electric field.

Figure 7 gives the traveling velocity of the MP electrons in mm, i.e., the distance between
adjacent wall impacts, as a function of the order of the one—point process for the 40 mm, 1.3
GHz, 50 € line. The velocity seems to decrease roughly inversely proportionally to (n + 1)
where n is the order of the process. Next the effect of varying the dimensions of the line
and the frequency of the field to the traveling velocity was checked. In Figure 8 the traveling
velocity of a one-point process of order one is plotted when the outer diameter of the line varies
(the picture on the top), when the frequency of the field varies (the picture in the middle)
and when the impedance of the line varies (the last picture), respectively. While varying one
variable the others are fixed as d = 40 mm, f = 1.3 GHz and Z = 50. Figure 8 shows that
the traveling velocity of the MP electrons depends quadratically on the outer diameter of the
line, linearly on the frequency of the field and it is totally independent of the variation of the
impedance of the line. The results of Figures 7 and 8 can be summarized by the following
scaling law

d? f

T+n

The knowledge of the traveling velocity might give a hint, for example, how dense grooving
should be used to suppress MP of certain order in the given geometry with the TW operation.

(7) Utraveling ™
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Figure 6. Electron trajectories due to the one-point processes of order one and
two, and two—point process of order one. The pictures on the left hand side give
the trajectories in r/z coordinates and the pictures on the right hand side give the

trajectories in »/téme coordinates. The upper and lower borders of the pictures
correspond to the outer and inner conductors of the line.
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Figure 7. Traveling velocity of the multipacting electrons in mm as a function of
the order of the (one—point) process.
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Figure 8. Traveling velocity of the multipacting electrons in mm as a function of
the outer diameter of the line {the top frame), frequency of the field (the middle
frame) and impedance of the line (the bottom frame).
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4 Mixed waves

Next consider a combination of a superposition of the SW and TW fields

En = Rﬁsw+(1—R)ETw:
BR = RBSW -|-(1—R)BT;V,

where R, 0 < R < 1, is the reflection coefficient. Obviously, if £ = 1 we have the SW fields
(total reflection) and if R = 0 we have the TW fields (no reflection), respectively. With the
other values of R, the wave is partially reflected and called a mived wave. The forward power
of a mixed electromagnetic wave is given by

Ui 1

REZ(l+R?

where Uy is the peak voltage of a MW.

To have a complete picture, we need two dimensional counter functions. Figure 9 shows a gray
scale plot of the base 10 logarithmic of the relative enhanced counter function after 30 impacts,
as a function of the incident power (in the horizontal axis) and the reflection coefficient (in
the vertical axis). All positive values of the counter function correspond to the MP processes
of different type and order. The zero-line or MP-line is indicated in the plot. At the bottom
we have the TW power bands and at the top we have the SW power bands. The orders of
the most prominent processes are marked to the plot. The white areas correspond to such
combinations of the incident power and reflection coefficient where all electrons are drifted to
the shadow set before 30 impacts.

Let us then study closer what happens when the TW field is switched to the SW field. We
observe the following interesting features. The TW MP bands start to split into two different
bands when R is increased from the minimum value R = 0. As R is increased to the maximum
value R = 1, one of these bands coincide with the EMP band of the corresponding type of
SW. Therefore, the SW and TW MP bands of similar type and order are related through
the wave transformation from TW to SW and vice versa. The trajectory calculations show
that these bands correspond to such processes which appear close to the maximum of the SW
electric field. Thus, we may recognize EMP in the MW operation too. The other bands behave
differently. They shift very quickly to very high power regions as R increases. The increasing
seems to be at least exponential with respect to R. Further, the processes due to these bands
are found to appear close to the maximum of the SW magnetic field, and thus, they are called
as a (coaxial) magnetic multipacting (MMP), Figure 9 shows also that the secondary yield of
the EMP and MMP processes of the same type and order are roughly of the same size.

Furthermore, Figure 9 suggests that the higher order EMP bands (order greater than one)
disappear when the wave is partially reflected. These bands seem to appear only when the wave
form is close to the SW or TW. This phenomenon is, however, only due to the discretization.
As the computations below show, the EMP processes turn out to be repelling in the axial
direction. Therefore, the scan of MP power levels must be performed with a very dense grid
in the axial direction in order to recognize all possible MP processes. The used grid here has
been too course. Using a finer grid we are able to locate the missing processes.

To summarize the situation we note that in the pure TW operation, the MP processes are of
mixed nature where the EMP and MMP processes are merged together. When R is increased

10
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from 0, the processes of different nature split into two EMP and MMP processes. The depen-
dence of the EMP power bands on the reflection coefficient can be described by the following
rule

1 4
PEMP o Prw = —m—— .
(8) R (1 + R)2 TwW (1 + R)2PSW
A heuristic physical explanation for this rule is similar as for the rule relating the SW and TW

operations. For given R, the peak voltage is (1 4+ R) times the corresponding peak voltage of
TW.
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Figure 9. The gray scale plot of the base 10 logarithmic of the enhanced electron
counter after 30 impacts as a function of the incident power in kW and reflection
coefficient.

The drift of the MMP bands to higher incident powers when R increases can be explained
qualitatively as follows. In the TEM-~mode, the purely azimuthal magnetic field cannot ac-
celerate the electrons in the radial direction and thus, cannot generate MP alone. In the TW
operation, the maximum of the electric and magnetic fields coincide, and with appropriate
incident powers, a suitable balance for MP can be reached. When the reflection coeflicient is
increased, the phase difference of the fields increases and finally in the SW operation the fields
are in the opposite phases. IHence, larger and larger electric fields and thus incident powers
are needed to create the needed balance for MP at the maxima of the magnetic fields. This
explains also why we have not found any MMP at SW, since the incident power should be
infinite then. However, we have not found any simple scaling law for the MMP power bands.

Next the EMP processes are more carefully located in the phase space when the wave is
partially reflected. Figure 10 displays the distance function due to the one—point EMP process
of order one when B = 1.0, 0.75, 0.5, 0.25, 0.2 and 0.1. The shaded areas give the initial

11
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points of those trajectories which are still in the bright set after 30 impacts and therefore,
able to multipact. In the horizontal axis is the z coordinate in the terms of the wave length
A, the maximum of the SW electric field being at A/4, i.e., in the middle of the pictures. Here
A = 230.6 mm. In the first picture on the top-left, R = 1, i.e., the SW case, the shaded area is
centered around z = A/4 and ¢ = 60 degrees, i.e., close to the maximum of the electric field.
When the reflection coeflicient decreases, the shaded area starts to shift to the down—left and
at the same time the area is becoming wider. Until in the pure TW case (not presented here),
the area is spread as a band though the entire phase space. This agrees with the observation
that in the TW operation MP may occur on the entire line.

Figure 11 displays the corresponding trajectories when the electrons are initiated close to the
darkest spots of Figure 10. Figure 11 shows that EMP is related to certain fixed points in the
phase space, in other words, electron trajectories starting from a certain location in the phase
space return back after an integer number of tf cycles to the initial point. The only exception
is found when R = 0.1. Then the traveling part of the wave is dominant and no fixed point is
possible to locate, i.e., the electrons are slowly traveling along with the wave. Note that the
one—point processes still appear on the outer conductor.

The MMP processes behave differently. Figures 12 and 13 display the distance function
and electron trajectories due to the one-point MMP process of order three, when R =
0.05, 0.1, 0.2, 0.3, 0.4 and 0.5. Now the shaded MP area stays in place as R varies, but
the darkest spot, i.e., the fized point, is shifting to the down—left as B decreases. Furthermore,
the dark MP area is rotating counter clockwise and it is becoming smaller as R increases. The
centers of the shaded areas are close to the maximum of the SW magnetic field (z = A/2)
when ¢ = 150 degrees.

Figure 13 gives the trajectories when the electrons are initiated close to the darkest spots of
Figure 12. The pictures show that also the MMP processes are due to certain fixed points in
the phase space. Now it is possible to locate a fixed point even when R is as small as 0.05.

The conclusion is the following. When the wave is partially reflected, there are certain locations
in the phase space where the opposite drifting forces due the SW and TW parts of the magnetic
field compensate each other and allow stationary trajectories. These locations, i.e., fixed
points, are clearly visible in Figures 10 and 12 as the darkest spots and they depend on the
reflection coeflicient.

Figures 14 and 15 demonstrate the major difference of the EMP and MMP processes of the
same type. In Figure 14 the distance functions of the one—point EMP (on the left) and MMP
(on the right) processes of order one are plotted when n = 10, 30 and 50, and R = 0.25. Let
us first study the pictures on the left, i.e., the EMP case. When n (number of impacts) is
increased, the shaded area is becoming narrower in the axial direction, but stays in place after
a few impacts in the phase direction. This suggests that the EMP processes are repelling in the
azial direction but attractive in the phase direction. A further analysis of electron trajectories
shows that this is the case, (see Tigure 15). An explanation to this phenomenon is rather
obvious. As in Section 3 was shown, the TW part of the field drives electrons to the one
direction only. Therefore, at the maximum of the SW electric field the repelling force due to
the SW magnetic field, yields to a repelling fixed point in the axial direction. On the pictures
on the right, on the other hand, the size of the dark area stays fixed after a few impacts
as n increases. This suggests that the MMP processes are attractive in both directions. A
closer analysis of electron trajectories shows a validity of this suggestion, (see Figure 15). A

12
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Figure 10. Distance functions due to the one—point EMP process order one when
R =1.0, 0.75, 0.5, 0.25, 0.2 and 0.1. The frames of the pictures correspond to

the SW case.
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Figure 11. Electron trajectories of the one—point EMP process of order one when
R =1.0,0.75, 0.5, 0.25, 0.2 and 0.1. The upper and lower borders of the pictures
correspond to the outer and inner conductors of the line and the dimensions are

given in mm. Note that the trajectories are predominantly radial (the axices have
different scaling).
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Figure 12. Distance function of the one—point MMP process of order three after
30 impacts when R = 0.05, 0.1, 0.2, 0.3, 0.4 and 0.5. The frames of the pictures

correspond to the SW case.
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Figure 13. Electron trajectories of the one-point MMP process of order three
when R = 0.05, 0.1, 0.2, 0.3, 0.4 and 0.5. The upper and lower borders of the
pictures correspond to the outer and inner conductors of the line. Note that the
trajectories are again predominantly radial.
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Figure 14. Distance functions after 10, 30 and 50 impacts due to the one—point
EMP and MMP processes of order one when R = 0.25. On the left hand side are
the EMP process and on the right hand side are the MMP process, respectively.
The frames of the pictures correspond to the SW case,
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heuristical explanation to this phenomenon is the following. Close to the maximum of the SW
magnetic field, the SW and TW parts of the field drive electrons to the opposite directions,
but the total field drives electrons towards the fixed point, yielding to an attractive fixed point.

Figure 15 displays the trajectories due to the EMP (the top frame) and MMP (the bottom
frame} one—point processes of order one when R = 0.25. In the middle of the pictures are the
stationary trajectories initiated close to the fixed points, (marked by circles), and on the left
the initial points (marked by asterisks) are moved 1 mm to the left and on the right initial
points are moved 1 mm to the right, respectively. In the EMP case the electrons start to drift
away from the fixed point, whereas in the MMP case they start to drift towards it!

Summarizing, the EMP processes are affractfive in the phase direction but repelling in the
spatial direction. In other words, all electrons outside the fixed point in the axial direction
are slowly drifting to the shadow set. The (electric) MP in the SW operation was found to
behave similarly [2]. The MMP processes turn out to be attractive in both directions. In
other words, electron trajectories starting from a certain phase space neighborhood of the
fixed point drift toward the fixed point. Therefore, the MMP processes are not so sensitive to
the perturbations of the field than the corresponding EMP processes are. However, when R
is very small, both processes resemble TW MP. Then the traveling of the MP electrons is a
dominant property.
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Figure 15. Electron trajectories of the one—point EMP and MMP processes of
order one when R = 0.25. The fixed point, denoted by a circle, is repelling in the
axial direction in the EMP case but attractive in the MMP case. In both cases
the fixed point is attractive in the phase direction.
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5 Scaling laws

Our previously found scaling laws (3) for the MP power levels, are found to be valid in the
MW and TW cases too, for both the EMP and MMP processes. In particular, the MP bands
of Figure 9 (and Figure 16) remain the same and they scale according to the scaling laws (3)
when the diameter, impedance and frequency are altered.

6 Summary

In this report we have analyzed electron multipacting in coaxial lines when the wave is either
a pure one-way traveling wave (TW) or a mixed wave. When the wave is a purely one-way
traveling one the structure of MP power levels resembles the standing wave (SW) case, Similar
MP processes can be recognized in both the SW and TW cases, even the secondary yields
are of the same size. In the TW case the MP power levels appear at four times higher power
values than the corresponding levels in the SW case. Furthermore, in the TW operation the
wall impacts of the MP electrons appear again close to the maximum of the electric field and,
furthermore, the electrons are slowly traveling along with the wave as the wave form moves.
Due to this traveling in the TW operation MP may occur on the entire line and MP is of
mixed nature, i.e., MP is due to both the electric and magnetic fields.

When the wave is neither purely one-way traveling nor perfectly reflected, the MP structure
is more complicated. In that case we are able to recognize two families of MP of different
nature. One appears close to the maximum of the SW electric field and can be identified as
electric multipacting (EMP); another appears close to the maximum of the SW magnetic field
and is called the (coaxial) magnetic multipacting (MMP). Further, in the MW operation MP
is found to be related to certain fixed points in the phase space. In the case of EMP the fixed
point is repelling in the spatial direction but attractive in the phase directions, whereas the
MMP is attractive in both directions.

When the wave is switched from SW to TW, and vice versa, we have found a simple scaling law
for the EMP power bands with respect to the reflection coefficient B, 0 < R < 1. For the other
bands, the MMP bands, however, we have not found any simple scaling law. Furthermore,
the scaling laws (3) with respect to the diameter, impedance and frequency are found to be
valid in the MW and TW cases, too.

Figure 16 gives a simplification of Figure 9 and summarizes the MP power bands in the MW
operation. The 10 first MP power bands are shown as functions of the incident power and the
reflection coefficient. The dark bands correspond to such processes where the average impact
energy is in the range 400 eV - 1500 €V, i.e., the secondary yield is greater than one. The
band at the right-most corresponds to a first order process. When moving to the left the
order increases. The right-most and left—-most processes, i.e., the processes of order one and
10, are plotted by dashed lines because the secondary yield is less than one (in this particular
geometry).
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Figure 16. The MP power bands when the wave is switched from SW to TW and
vice versa. The horizontal axis gives the natural logarithmic of the incident power
(in kW). The bands due to the higher order MMP processes stop at B = 0.6,
because the MMP bands are hard to identify when R is close to one.
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