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Lecture 1

Radiation of a Single Relativistic Particle

Certain definitions. Mentioning a particle of a beam we will bear in mind a particle
with charge ¢ and total enery v (in mc® units) moving mainly in z-direction with an
average longitudinal velocity ¢f(v). It may also oscillate transversally (along 7, ) and/or
longitudinally with some frequency €}(4) (in the lab frame). Physical factors causing
the oscillations are not of interest at the moment, i.e., the motion is supposed fixed and
mainly z-directed.

By an electromagnetic wave (as well as by a wave of density, velocity, etc.) we
will understand a perturbation of the corresponding field depending on z and time as
expli(kz —wt)] with an arbitrary dependence on transverse coordinates 7, . The character-
istics kg = w/c and k are supposed correlated and satisfying a dispersion relation ko(k) de-
termined by the electrodynamic structure where the propagation takes place. In the sim-
plest case of free waves one can speak, for example, about plane waves o exp[i (k7 — wt)t]
with definite wave vector & propagating at definite angle ¢ with respect to the z-axis.
Then k = |E| cos § and the dispersion relation takes the form kg = |k| as far as the speed
of light does not depend on its frequency. However, the wave phase velocity along = is
B, = ko/k = 1/ cos § and exceeds unity. Wave field vectors are normal to k£ and may have
z-components, ‘

In a regular waveguide of an arbitrary cross section electromagnetic waves belong
either to TM or to TE class and obey a hyperbolic dispersion relation

R=k 4k,

where the product ck,, is a cut-off frequency. Their phase velocity exceeds unity but can
be decreased /e times if propagation takes place in a medium with a dielectric constant
£.

Another method used in practice to retard electromagnetic waves consists of em-
ploiment of periodic structures — iris-loaded and spiral waveguides, gratings, etc. Disper-
sion relation of these systems reveals frequency bands of transparency separated by bands
of total internal reflection. Generally, electromagnetic fields have all six components.

The electromagnetic field of an arbitrary moving particle as a function of the vector
B directed from the charge to the observation point can be found in every textbook on
electrodynamics. The second term behaving as 1/R for B — oo is identified usually
as a radiation field as far as it provides a finite flux of outgoing electromagnetic power.
However, this defimition is not adequate in many practical cases. First of all it assumes
free space propagation and does not take into account possible metallic and/or dielectric
surfaces in the vicinity of the charge. For example, if a source of radiation is placed inside
an 1deal waveguide the radiation field (if it exists!) is concentrated inside the channel and
does not decrease with distance at all. Secondly, all values in rhs of the formula are to
be calculated at a previous moment of time which is a solution of a rather complicated
equation. At last, ignoring the first time-dependent term one looses information about the
field in the vicinity of the source which can be very essential in a case of many interacting
particles.

For these reasons it is more convenient to define the radiation field as a set of eigen-
modes which can propagate in the system in the absence of a source. A question arises
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then how to distinguish the "proper” radiation of the source from external radiation fields.
Hence, additional boundary and initial conditions are to be taken into account. However,
this problem is of importance mainly for calculations of radiation energy losses of a single
particle. For what follows more essential is the interaction of particles with collective
radiation fields which can be considered, in a way, as external ones. Moreover, a general
consideration of the particle-wave interaction with phase relations taken into account re-
veals a certain symmetry of absorbtion and emission processes which plays an essential
role in explaining of so called stimulated emission of radiation.

Wave-particle synchronism. If the energy of the wave quantum hw is considerably
less than the particle energy ymc® and the amount of transfered energy is large, then the
number of quanta emitted during the interaction period must be large. Consequently,
the interaction should endure many periods of the wave, the average work of the field
over a particle not being zero. The latter means that a phase position of the particle
is almost constant. It is easy to see that the same considerations refer also to the field
of an oscillator whose center moves along a straight line if such a motion occurs for a
sufficiently long time. In this case the relative phase ¢ = kz — kget 4 0t should be kept
approximately constant (within the limits of +7) along the interaction distance.

Cherenkov radiation. For a free particle the synchronism condition is identical to the
condition of Cherenkov radiation for which the equality between the wave phase velocity
and a particle velocity takes place. For plane waves it can happen for 1 < /3. The
wave propagates then at the angle = arcos (3/€)™'. In a case of a dispersive medium
(¢ = e(w)) the radiation exists at different angles and have different colours. However,
one should stress that from the viewpoint of the questions addressed below it is not the
most typical case. As a rule, the beam moves in a vacuum channel surrounded by metallic
and for dielectric walls building up a certain dispersion of waves, i.e., a specific dependence
ko(k). If there are slow waves among them, whose phase velocity in the direction of a
particle motion coincides with particle velocity for a sufficiently long time then just those
waves will be emitted. Then one should regard the synchronism relation as an equation
for determining their frequency and the type of the radiated wave will depend on the type
of the system.

Sometimes it is also useful to regard the action of an external accelerating field on a
particle from the same viewpoint. The electrodynamic structure of a linear accelerator
(an iris-loaded waveguide, a set of cavities etc.) is designed in such a way as to enable
the accelerating wave to propagate with a fixed phase velocity being below or equal the
velocity of light. Then the process of systematic acceleration appears as a reverse process
to the Cherenkov radiation emission. The radiation field is subtracted coherently (i.e.,
phase taken into account) from the external field and appears as a load of the accelerating
system with the accelerated current.

One can conclude that in regular vacuum waveguides Cherenkov radiation is impos-
sible while any retarding system with slow eigenmodes provides radiation at a particular
frequency marked by a circle in the figure.

Doppler-shifted radiation. For kg = 8k £ Q/¢ the synchronism condition gives the
Doppler’s formula, i.e., the frequency of the wave radiated (or absorbed) by an oscillator
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posessing the frequency £} in the laboratory frame (not to be confused with the frequency
in the rest frame!). For plus sign (normal Doppler effect) a particle interacts with the
fast wave that overcomes it by one wavelength during one period of the oscillator and
for minus sign (anomalous Doppler effect) a patrticle interacts with the slow one lagging
behind it by one wavelength during one period. Notice that an oscillator moving along a
straight line may interact with free vacuum plane waves due to normal Doppler effect if
its oscillations are transverse, that is directed along the electric field. The synchronism
condition for a flying oscillator can be met even in a fast-wave (regular) waveguide. Both
absorbtion and emission are possible depending, of course, on oscillator phasing.
Radiation of an oscillator moving with a relativistic velocity # =~ 1 has several interest-
ing and important features. The oscillator optical activity reveals itself at the frequency

Q

ko= ———.
cro 1 —fBcosb

For small angles and § — 1

2042

Cko = —1 n 92'}/2

where  ~% = (1-73%71

So the oscillator radiates at a very high frequency ~ 2Qy? within a small solid angle ~ y~2
along the z-direction and at a comparatively low frequency = £ outside of the angle. As
far as numbers of forward and back directed photons in the rest frame are equal there
are equal numbers of photons in the lab frame inside and outside of the cone. One can
conclude that the radiation power is sharply directed forward where the hard photons are
emitted to, and that the total power is about ~+? times larger than for an oscillator of the
same frequency and of the same amplitude being in rest.

By the way: a low frequency (below a cut-off) oscillator can radiate in a waveguide if
moving with a sufficient velocity.

Another unexpected and even shocking feature of particle radiation under conditions
of anomalous Doppler effect follows from simple considerations based on conservation
laws. If T is an internal energy of the oscillator and P is its total momentum one can
write down the usual relativistic kinematic relation

v =T"+P5 =Pl

Taking into account that a single emitted photon carries out fiky/mec of the total energy
and hk/me of the total momentum one gets for a change in the internal energy

Rk
= 1= §—
Al p (ﬁ cos ﬁp)

Thus, a slow photon emitted within the Cherenkov angle increases (!) the internal energy
of the oscillator (of course for account of its directed motion). So, slow waves (if capable
to propagate in the system) can be emitted by a zero amplitude oscillator which gains
amplitude as a result of the emission. One may expect that such slow waves will be
self-exited, i.e., will grow up spontaneously starting from noise fluctuations.

.....‘,_,
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Undulator radiation. From a viewpoint of the emission process it does not matter
whether the oscillations are due to elastic forces and initial conditions or are forced by
some external field. A particle passing across a static magnetic field alternating with a
spatial period ! will oscillate transversally and will emit specific "undulator” radiation.
This type of emission is a basic process for free electron lasers and is worth of a brief
discussion.

If the oscillation amplitude is small enough the motion is nonrelativistic in the rest
frame and the radiation intensity can be readily estimated using the well known expres-
sion for a dipole radiation. Being recalculated in the lab frame this expression shows the
abovementioned relativistic ¥2 amplification of intensity for fixed transverse force. Ac-
cording to Doppler’s formula the basic frequency at the angle # exceeds the frequency of
oscillations:

2r3/1

1 —[cosh+ K?/+?

where the additional term in the denominator comes from the decrease in the average
longitudinal velocity due to a finite value of the transverse particle velocity. It can be easily
shown that the undulator coefficient K depends only on the product of the transverse
magnetic field and the undulator period. Increase in A increases radiation intensity but
shifts down the basic frequency, so its optimal value is around unity. However, for K" =~ 1
the spectre of the undulator radiation is already enriched with harmonics of the basic
frequency due to the abovementioned directiveness of radiation. For small oscillations
the natural radiation cone of ¥y~! angle always overlaps an observer looking along z. So
the latter sees more or less harmonic radiation field with frequency ¥? times exceeding
the undulator frequency. For larger K the cone quickly sweeps over the observer at each
period, so only sharp spikes of the field can be registered which are enriched with higher
harmonics. Note that for the same reason the spectre of synchrotron radiation contains
high harmonics of the revolution frequency up to the v3-th one.

ko

Radiation reaction. Up to now we have been considering electromagnetic radiation
under assumption that the electron motion is fixed. Obviously, this is not quite correct.
Radiation carries out certain energy, momentum, angular momentum etc. and hence
changes the corresponding characteristics of the particle motion. (For example, it violates
the synchronism condition.} Sometimes the assumption of the fixed motion is justified,
but generally it is not consistent with the essential wave-particle energy exchange declared
above.

At this point we meet a non-trivial physical problem due to a principal difference
between conservation laws in point-like particle dynamics and electrodynamics. The latter
can not be "localized” in space and time meaning that a change of energy concentrated
in a closed volume is equal to the Poynting’s vector flux averaged over time (plus the
change in mechanical energy of particles within the volume). The same is valid for the
momentum conservation law.

To keep a standard form of a point-like particle equation of motion taking reaction
of radiation into account one should introduce a supplementary force supporting the
conservation laws at least in average. As far as this force does not include degrees of
freedom of the electromagnetic field one can not expect this complemented equation to
have a canonical (Hamiltonian) form. For this reason the radiation reaction force is called
sometimes a "radiation friction”.
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In the coordinate frame where the instantaneous particle velocity is small radiation
intensity is proportional to the acceleration squared. Hence, the radiation reaction force f
must be proportional to the time derivative of the acceleration. To obtain a corresponding
relation in the lab frame one should write down a relativistic covariant expression for
the force. Then the three space components give the force while the fourth component
describes an averaged work performed over the partice, i.e., the total radiation power
integrated over the radiation spectre.

Due to the high power of the factor v in the expression for f one can keep the first
term only. Then the radiation reaction force literally behaves as a friction force being
antiparallel to the particle velocity. In this approximation it can be treated as a recoil
per unit time related to a momentum carried out by radiation. The expression for energy
losses is also simplified as far as the acceleration of a relativistic particle is due mainly to
the change in the direction of its velocity rather than in its absolute value.

The concept of the radiation friction is valid for sufficiently slow time variations of
dynamical variables, i.e., when at least in one coordinate frame it is small as compared
with external forces. A general criterion for this can be formulated as a strong unequality

ro K A

where ry = g?/mec? is a classic radius of the particle and ) is a characteristic wavelength
of the external field or a radius of curvature of the particle trajectory. For an electron
ro = 2.8 x 107 ¢m, so the condition is safely satisfied for most parameters of practical
interest.

One can conclude that the radiation reaction force is, in a way, a fictitious one mean-
ing that it is related not only to the mechanical particle motion but to changes in the
surrounding electromagnetic field as well. It is worth to note in this connection that in-
troducing the force on the conservation laws basis we ignored a possibility of excitation of
internal degrees of freedom. This is justified, of course, for an elementary particle as far
as In a relativistic theory it can be only a point-like one. However, for a small but finite
size bunch the arguments above should be reconsidered.

Of course, the radiation energy losses can be provided only with a proper electric
field generated by the particle acceleration . This field can be calculated directly under
assumption that a change in the particle acceleration during light propagation through
the particle is small as compared with the acceleration itself. Coming then to the limit
of a particle "radius” a — 0 one can consider the result as a strict one if time exceeds
a/c. However, this approach is still not satisfactory. For a free particle it leads to a
solution when its velocity and acceleration spontaneously increase exponentially with a
characteristic time 7 = 2¢*/3mc®. Actually the result is meaningless because for the
reasons above the equation of motion with the fictitious radiation friction can not be
solved with any fixed initial conditions.

It is interesting to note that in the abovementioned case of a small dense bunch this
difficulty does not exist. If the number of particles in the bunch is high enough to make
its "classic radius” comparable with the physical size the radiation reaction force will be
comparable with the mechanical inertia. The behaviour of such an object would be quite
unusual.

The assumed smallness of the radiation reaction as compared with external forces
does not imply that it can not change essentially the motion of the electron and charac-
teristics of radiation. For example, the work performed by the radiation friction slowly
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but monotonously changes the particle energy and leads to a drift in the condition of
synchronism. The latter determines spectral and angular characteristics of radiation. As
a result, for example, spectral lines typical for periodic charge motion will have some
"natural” broadening. (However, in what follows the spectral line width is determined by
other factors.)

Sometimes the radiation reaction plays a principal role in the particle dynamics as well
even if energy losses are compensated by an external electric field and the particle energy is
supported constant. Such conditions are typical for electron and positron accelerators and
storage rings. One of their most important characteristics is a beam brightness defined
as a phase space density of particles. A pecularity of this characteristic follows from a
seemingly academic fact that in absence of radiation the particle equations of motion are
canonical. The Hamiltonian H(7, P, t) depends on time, on coordinates and on canonially
conjugated components of a generalized momentum P. This is known to be sufficient to
support the brightness nonincreasing (constant in the best case) under any manipulation
with the beam. This statement has a fundamental character and is known as Liouville’s
theorem. It states that a six-dimensional phase-space region occupied by particles can
be transformed mn almost arbitrary way but its volume (so called beam emittance) is an
exact integral of motion.

The non-hamiltonian character of the radiation friction mentioned above means the
Liouville’s theorem violation in presence of radiation and open a way for beam "cooling”,
L.e., for increase in its brightness. .

To prove this statement let us consider a phase-space particle density ¥ (F, P,t) sat-
isfying a discontinuity equation (conservation of total number of particles}. Being sup-
plemented with the non-canonical radiation friction it gives an expression for the total
derivative d¥/dt along a phase trajectory. In absence of radiation it would be equal to
zero (Liouville’s theorem). But now it has a non-zero right hand. Using the identity

2 _ 5 470\, 24
v=14[FP-24) /m°
¢

one can put

-~ P/ i P o P 1 [OP~?
Vﬁ—(P—gA)m3—+7(a——) 27(37)
Y ¢ g Y7/ r=const 7 7/ #=const

Taking into account that P « v? we get

d 4P
di ~ ~yme?

4P

o

i
and ¥ o exp f

Hence, the beam brightness exponentially grows with time, i.e. the total beam emittance
damps. The characteristic damping or cooling time 7. & ymc?/P is equal by order of
magnitude to the time a particle needs to loose its energy because of emission of radiation.
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Lecture 2

Spontaneous and Stimulated Emission of Radiation

Coherency. At the previous lecture we did not pay much attention to absolute values of
energy losses of a single radiating particle. This is a "proper” electromagnetic field which
is determined by the particle motion while the radiation power or energy loss crucially
depends on a total field including an external fleld and/or the radiation field of other
particles.

The difference can be enormous. A single electron passing through the undulator at
ATA accelerator (Livermore Lab.) looses only about 5 meV. This value, of course is not of
interest for practical purposes even being multiplied by a large number of simultaneously
radiating particles. At the same device an 1 kA beam produces around 1 GWt of power
which corresponds to 1 MeV /particle of energy losses. This nine orders of magnitude
difference shows that the collective radiation power is not just a sum of individual particles
radiation losses.

The key point here is a coherency of the individual radiation field £, with the already
existing field E of the same frequency and the same wavenumber. If both fields behave as
expli(kz —wt)] and have a fixed phase shift 3 then their sum being squared and averaged
over time produces the total Poynting vector which can be presented as a sum of the
external field vector, of a negligible "proper” one, and of a cross term depending on the
phase shift. From a viewpoint of single particle dynamics the latter can be explained as
a trivial particle acceleration or deceleration. However, interpreting it as absorbtion or
amplification of the incident power flux by large number of phased radiating particles one
can see that it readily exceeds the first term. Of course, for random phases it vanishes
because 50% of particles absorb field energy while another 50% provide it. But even small
mutial phasing may change the incoming flux essentially if the number of particles is large
enough!

The same arguments are valid if applied to the collective radiation field. Of course,
different electromagnetic modes can not be mutually coherent as far as they have different
frequencies and wavenumbers. But a Poynting vector of a fixed mode can be presented
as a single particle one multiplied by a so called coherency factor which is a double sum
of exponential phase factors of individual particles (double summation comes from field
squaring). Depending on mutual particle phasing this factor can vary within enormously
wide limits - from unity up to N? where N is a number of phase correlated particles. Of
course, this coherent amplification can take place for select modes only because phasing
can not be provided for all radiation modes at the same time.

Perhaps the simplest illustration of the select mode coherent amplification can be
obtained considering a regular one-dimensional chain of particles under condition of
Cherenkov radiation. The angles which correspond to # phase shift of the adjacent par-
ticles radiation fields will be shadowed while those of 27 phase shift will reveal large
intensity amplification. Hence, the z-directed angular distribution of a single particle ra-
diation becomes a many petal one with sharp minima and maxima determined by particle
separation and by the wavelength. Note that these angles are different for different fre-
quencies, so that the angular distribution averaged over spectre would reveal much weaker
coherency than the spectral density.

Of course, this example of "nailed” particles is an extreme one. The opposite limit
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is presented by a random distribution when the coherency factor is equal to N being
averaged over all realizations. Note that if the distribution can be treated as random
for all modes then all spectral and angular characteristics of radiation identically repeat
the individual particle ones. This type of completely non-coherent radiation is called a
spontaneous one (the term genesis will be explained below).

A conditional boundary between coherent and non-coherent modes is determined by
particles position correlation. Suppose the particle phases obey a normal distribution
law with an average phase shift of adjacent particles x and phase dispersion § (both
proportional to a frequency). Then 6! plays the role of a correlation length and the
averaged coherency factor can be presented as N plus a term exponentially small for small
672 (the first term appears because a particle is always correlated with itself). Hence,
the radiation will be coherent only for wavelengths larger than the correlation length and
reveals in this region spectral maxima with C' =~ N? and minima with ¢’ &~ N. Note that
for N — oo these variations vs frequency are very compressed, so that being averaged
over a certain spectral interval the intensity never reaches the N? limit and radiation
remaines partly incoherent. One may conclude that complete coherency (meaning N?
factor) takes place only for wavelengths exceeding a size of a particle bunch and for select
modes with wavelengths larger than the correlation length. In the last case the coherency
is observable only in high spectral and angular resolution experiments.

This selectiveness of coherency is more expressed for 2-D and 3-D particles distribu-
tions. Even for absolutely correlated positions of particles in a lattice the N? factor may
appear only for particular directions, i.e., along main crystallographic axes. It is interest-
ing to note that the emitted quantum momentum is then an integer of 27A/{ where { is
the lattice constant. For a random distribution a certain degree of coherency is kept if a
number of particles in a A* volume is large enough. For large dense lattices (L = NI > ))
the coherency factor is then NL/A &« N?, by order of magnitude. A case of rarified
lattices with N < (L/A)? (less than one particle per A* volume) is hard to estimate. Some
computations show that the integral (averaged over angles) coherency disappears while
differential peaks for particular modes remain for regular distributions.

Two essential remarks should be made in this connection. The first one looks like a
paradox: acccording the arguments above a point-like bunch must radiate in all directions
and at all frequencies N? times more intensively than a single particle does. However,
one should bear in mind that it is valid only for A » L (for example, for external
low frequency wave scattering). Charged particles always interact and pressing them
together will produce new high frequency and sheort wavelength degrees of freedom (plasma
oscillations). They have to be taken into account in calculations of proper fields. To
make the long story short a small dense bunch in principle can not be considered as a
point-like particle, so one should be very careful with the coherency factor in the limit of
L — 0; N = const. The physics of this has much common with the radiation reaction
problem mentioned at the previous lecture.

The second remark is more practical. All the arguments above look like an academic
exersize In calculating waves inerference unless a certain mechanism of particles phasing
1s suggested. We shall show that such a mechanism really exists. The self-organization of
particles and the resulting appearance of coherent effects is an essence of so called induced
or stimulated emission of radiation

—20 -
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Spontaneous and stimulated emission in a phenomenological approach. It is
widely known that the terms ”spontaneous” and ”stimulated” emission were introduced
by Einstein in connection with a thermodynamic equilibrium of radiation and elementary
radiators (Planck formula). However, we forget sometimes that 1t had happened before
the quantum mechanics of an atom appeared. So, this argumentation 1s worth of brief
repeating using the update terminology, of course.

The probability of a stimulated emission transition from an energy level E, to E,,
was (and had to be) assumed to be proportional to the radiation spectral density and
to be equal to the probability of the inversed process, i.e., to that of absorbtion. In
the equilibrium total probabilities of emission and absorbtion must be equal, but the en-
ergy population of radiators obeying Boltzmann law contradicts the equality because it
contains more absorbing particles then radiating ones. So additional probability indepen-
dent of radiation spectral density should be introduced. This was called a "spontaneous”
emission probability.

In this context the "spontaneous” emission meant just unprovoked one. As far as in
the large wave length limit the result must coincide with Rayleigh-Jeans formula it is easy
to show that the spontaneous probability is equal to the stimulated one calculated for a
radiation field represented just by one photon. Obviously, the spontaneous radiation is
non-coherent; that is why the term was kept for non-correlated particles radiation even
in a classic theory.

Today one can not call this terminology adequate. With appearance of quantum
mechanics a non-stimulated transition between steady states sounded strangely (W. Pauli)
and only in quantum electrodynamics it was shown to be related with vacuum non-zero
electromagnetic fluctuations. So the emission, in a sense, is stimulated too but keeps
its name. In a classic theory the emission is always caused by particle acceleration or
Cherenkov mechanism, so "spontaneous” means just "random phase”. This is stimulated
emission or its physical analogy that should be explained in a classic theory. Following
the same logic we consider it as an inversed absorbtion process.

First of all, the conception of absorbtion, stimulated emission, and spontaneous radia-
tion as elementary processes can be extended to non-stationary situations. Then a kind of
a kinetic equation for number of photons with a wave vector & can be written down. Note
that we kept the definition of the spontaneous emission as induced by a single photon
and took into account the difference in population for emission and absorbtion processes.
In a steady case this equation readily yields Planck’s formula. However it predicts also
an exponential multiplication of identical photons (at least for ny » 1) if the energy
population f(E) is inversed (f(E) > f(E — hiw)) and the second term prevails over the
last one. This is, of course, the lasing effect well known nowadays.

Stimulated emission in classic electrodynamics. Let us come now to a classic limit
assurning that the energy distribution is wide as compared with Aw. Then f(E — Aw} ~
f(E) — (8f/8E)kw. Multiplying the kinetic equation by hw and performing integration
over F one gets a power balance for the spectral density Wj = hwny, where the Planck
constant disappears. It is easy to see that the obtained relation still predicts the lasing
effect which 1s proportional to a partial derivative of the spontaneous radiation spectral
intensity over particle energy. On one hand this is a sequence of a small asymmetry of
absorbtion and induced emission; on the other hand it predicts lasing if the spontaneous
radiation spectral line is sharp enough. Note that this is exactly what is provided by the
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wave-particle synchronism condition.

Moreover, the synchronism condition gives the profile of the spectral line intensity.
Being calculated in a standard way it is a function of a frequency and of a particle energy
via a single parameter — the kinematic phase shift u of a particle along the system, or
detuning. Differentiating over p one finds two bands of energy where the beam opti-
cal activity is revealed at a fixed frequency. The energy values slightly lower than the
synchronous one correspond to absorbtion and those larger than the synchronous one
correspond to the stimulated emission, i.e., to lasing. In terms of waves behaviour for a
fixed beam energy one can say that slow quasi-resonant waves (positive p) are subject of
induced emission and fast ones will be absorbed by the beam.

This conclusion shows an importance of phase motion of particles wih respect to the
wave. For accelerator people this obviously reminds autophasing or a phase stability
mechanism in linear accelerators, so the description is ready. To solve the equations of
phase motion we shall assume, at first, that the possible induced effects are small, so that
the effective field amplitude is almost constant. In most cases of interest the parameter
g/k is small, so a successive approximation method is adequate at least at an initial stage
of the phasing process. The first approximation for the phase ¢’ shows a kinematic phase
shift due to initial detuning and an additional induced phase shift due to modulation of
the particle energy. So the change in the energy (i.e., the work performed by the wave)
contains a term linear with g and a quadratic one. The first one vanishes being averaged
over all initial phases. That means that 50% of particles absorb the wave energy and
50% provide it for initially uniform phase distribution. But the quadratic term breaks
the symmetry and does not vanish being averaged. Let me remind that the eflect is due
to the induced phasing of the beam. Its proportionality to the wave intensity rather than
to the field shows unambigiously its relation to the stimulated emission.

Now we may define a gain parameter as a relative work performed by the beam over
the wave. It appears to be proportional to the beam current / and to the interaction
length cubed and is a function of the initial detuning. Note that this function is the exact
derivative of the spectral line profile with respect to the detuning as has been predicted
using phenomenologic approach. The coincidence (including an omitted coefficient) is
remarkable because the latter was based on energy considerations only and did not include
any phasing mechanism (a good example of the correspondence principle in quantum
mechanics!). As a matter of fact, the phase has no physical meaning when a number of
photons serves as a characteristic of the field.

Of course, our calculations are valid for an initial stage of phasing only and one can
predict a forthcoming saturation. The same is true, however, for the phenomenologic de-
scription as well where an inevitable exhaustion of an initially inversed energy population
was neglected. Anyway, as a result of the induced effects certain modes of spontaneous
radiation will be amplified (preferably those at the maximal slope of the spectral line pro-
file). A small gain was assumed but a positive feedback (better if selective) will convert
it to the temporal exponential increase of the particular radiation mode. Note that at
this point we successfully invented an FEL oscillator, unfortunately being late for about
30 years. For relief we can stress that the same principles govern the operation of rather
ancient travelling wave tubes.

The calculations above might be illustrated by phase-space diagrams showing the ini-
tially monoenergetic and phase uniform beam phasing in a deceleration (radiation) region
and then spreading again with saturation coming. It happens for positive detunings; the
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negative ones lead to the wave absorbtion.

Several words are to be said about high-current beams when the gain is not small. The
main equations of phasing remain the same but have to be supplemented with an equation
for a complex amplitude of the growing mode. Note that change in phase occurs now not
only for particle dynamics reasons but due to z-dependence of the amplitude as well. One
can find then again the induced bunching and, after averaging, to write down an integral
equation for the amplitude variations along the system.This equation contains an initial
detuning and a characteristic radiation length (. as parameters. The latter is proportional
to I'/* and depends on so called serial impedance R which is inversely proportional to
the effective cross-section of the mode. The equation can be solved analytically showing
the previous result if the beam current is small and the interaction distance is much
smaller than the radiation length. For large gains (i.e. for large currents and/or large
interaction lengths) the equation predicts an exponential spatial growth of the amplitude
of modes with p close to zero. Hence, this system without a feedback can be considered
as an amplifier with a frequency band determined by the inversed radiation length. An
input signal will be amplified exponentially with distance if its frequency lies in this band.
The role of the input signal can be played by spontaneous radiation as well. As far as its
spectral line is narrower than the radiation width in a large gain regime it is approximately
kept constant along the system. This situation is called SASE - Stimulated Amplification
of Spontaneous Emission. In the next figure one can see how fast are amplitude growth
and beam phasing in this regime.

The main conclusions are listed in the next transparency and do not need additional
comments but the last one. Up to now we neglected particle interaction by means of "near
zone” (Coulomb) fields. They will obviously play an important role for large currents
influencing, if not preventing, the particles phasing. One can foresee that the individual
particle motion description hardly can be adequate then. These questions are worth of a
separate discussion.

—>F -~

TESLA FEL-Report 1999-07

Tr.2&~

Tr.2&

Tr. ‘2@'-

Tr.2§



TESLA FEL-Report 1999-04

HIGH 6AIN REGIME  (LARGE CURRENTS)

S =k

Te FIELD CHANGES ESSENTIALLY WITH
THE SYNCHR. MODE COMPLEX AMPLITUDE DEPENDS ON &
1 P(2) < To BRE INCLUDED IV PHASE

supPing (CHANGE (N R,)

C(L:)=3(¢)e

1S DETERMINED DY PHASE RUNCHING

ac
> 5
dos | 3“)@ %) Gin g () (63D -4 45 7
d
P l INTEGRAL EQON
=3
2C _ '-_. \C_(q)(@—';) e’f?[w‘(l‘ ) - "')] 47
g <r (o)
T /3
r-=( ZIO el @ 3 I°= %—3.": Fll‘r.A
*LRp. Bl
- ( ACTING FIELD AMPLITUDE)
MoDE PoweER FLUYX

-3 L —

TESLA FEL-Report 1999-07



TESLA FEL-Report 1999-04

HIGH GAIN ASYHETOTICS

- / /
R Ci=l v G =Cr=0 4 yEy

C ~ % [e:(p (%"_)* 2 exp (‘%DC“L(%%.)]

2
G=|C|" coEes UP EXPONENTLALLY
‘ \
f WITH DISTANCE AND LR

RADIATION WIDTH ~ &'

. < T

SPoNTANEDUS

7 (50

THE BEAM REHAVES LIKE ACTIVE (AMPLLIE)) OPTICAL
MEDIVM. IN ARSENCE OF AN INPUT SIGNAL A
CERTAIN PART OF SPONTANEOUS SPECTRUM
WILL BE AMPLIFIED (SASE). THe RESULTING

RADIATION (S PARTLY COHERENT REcAUSLE
THE AMPLIFICATION s SELECTIVE (MosTLY Q)

TESLA FEL-Report 1999-07



TESLA FEL-Report 1999-04

TR Z7?P

RIEH GAIN

z(m)=2.63 z2{m)=2.80 2 (m)=2.97
10.0ll]l]l|l|l|l|iB|I|I|ljl[l] T I TT VI T T T TT

i,
w
Lo

DENQLTY
HoDULAT\OW

0.0

hzo.o\/\

L /'j
-15'0-!|!||l!.|!!l--lfll!|llt'lJ!lll'tl!!ll1114§

-2.0 00 20 -20 00 20 -20 0.0 20
e

PRASE SPACE
DIST-N

CBOV"LFQc;O ad a(")

TESLA FEL-Report 1999-07 W' -



TESLA FEL-Report 1999-04

CONCLUS\ONS .I

© 70 RESTORE A THERMODYN. EQUIL . THE DEAM REHAUES LIKE
AN OPTICALLY ACTIVE MEDIUM REVEALING DBANDS oF ANSORBTIION
AND ADBDITIONAL [(NDUCED EM|SS tON

© IND.EM-ON MECHANISM |5 RASED ON PARTICLES PHASING
AND ON APPERANCE OF CONERENCY

@ THE RATE OF RADIATION GROWTH DEDENDS oN THe

SPONT. RAD-N SPECTRULM PROFILE  (SHouLp e NARROW)
© THE MOST SUCCESSFUL MODE s SLIGHTLY "sLoweRr"

THAN THE CENTRAL ONE oF Tag SPONT. SPECTRUM AND

COREESPONDS TO ~2.4 PHASE SHAFT Along THE INTERACTION
LessTh |y (SMate @ain REGIME)

3
©  SMALL GAIN €0Es UP As L'T (FoRr BIXED piasE SHIFT)
REVEALIN (INITIAL BEAM “LeTARcy"

®©  SATURATION PREDICTED For L 2 L,

‘4
©  LAR&GE GAIN ASYPTOTICALLY GROWS UP AY €Xp (C-f.[ )
uPTo Lo, . LARGE AMPLIFICATION
OF AN LWPOT SIGNAL Fortows (INCLUDING SASE)

® ‘However <HorRT ranee PAPTICLES INTERACTION

INCREASES WITKH T

TESLA FEL-Report 1999-07 —_—33q —



TESLA FEL-Report 1999-04

Lecture 3

Collective Radiation of Interacting Particles
(Dense Beams)

General considerations. Up to now we have been considering particles interacting by
means of radiation fields only. This interaction was shown to produce beam bunching in
proper phases being a basic mechanism of the stimulated emission. This is correct for
rarified beams only because for dense ones an interaction by means of short-range forces
may take place and interfere the process.

The problem can not be reduced to simple mutual electrostatic repelling. The rela-
tivistic particles will excite proper magnetic fields as well, not speaking about boundary
conditions which can distort essentially the electrostatic fields. For example, the near
zone field of a particle under condition of Cherenkov radiation looks very complicated
even in the rest frame and hardly can be identified as a good old Coulomb force.

We better start with the fact that particles in a dense beam do not respond to an
external field independently. One can not kick just one particle not influencing others.
A dense beam has its own collective degrees of freedom very much like plasmas where
collective Langmuire oscillations are known to be possible. The appearance of these
collective degrees of freedomn as space charge and space current oscillations is quite different
from the individual particle motion. Waves on a water surface have nothing common with
the motion of individual moleculas. Hence, a different approach should be used when
particles are interacting. We should consider a beam rather as a flow of compressible
charged fluid with its own collective beam modes. This is interaction of these modes with
electromagnetic radiation ones which determines the collective emission.

Of course, fields of the collective modes do not satisfy the equation

rot B = —ikOE;

because for them B
divE =4rp # 0

Hence, they can not propagate without space charge variations, always exist in the vicinity
of the beam and influence the bunching process.

Dispersion relations. The common field being a superposition of electromagnetic
waves and beam ones still has an exponential z and time dependence ~ exp[i(kz — wi)].
This is the dispersion relation ky(k) or k(ky) which determines a behaviour of the systems.
If for some k an eigenfrequency is complex, then the total field exponentially grows up
with time (including the radiation field part). If for a real value of ky wavenumbers k
have an imaginary part the total field grows in space along the beam starting from a
point where an external signal of frequency kpc is introduced. The picture is well know
for everybody who has suffered from collective beam instabilities in accelerators. As a
matter of fact, the induced radiation is always an appearance of a beam instability even
for non-interacting particles; remember the bunching process in a proper radiation wave
discussed above.

— 4o —
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To find a required dispersion relation in a general case and to solve it is a rather
complicated task. But considering radiation effects as perturbation, meaning that all
instabilities lead to slow variations of amplitudes and phases, one can use again the
quasi-synchronous interaction concept. Really, two slightly coupled waves may exchange
their energy only if their frequencies and wavenumbers are close enough. Hence, in the
dispersion diagram the beam waves and electromagnetic waves are represented by their
own, or partial, dispersion curves ko(k) everywhere but in the vicinity of intersection
points. Only there a weak interaction can split and rejoin the partial branches delivering
unstable (complex) roots of the total dispersion relation. In this region the exact or normal
eigenmodes are neither pure electromagnetic nor beam ones being hybrids of both.

This splitting can be of two kinds shown in the figure. In the first case all ky remain
real, there is no temporal increase and only beating of the amplitudes takes place. In the
second case a small "window” of instability exists meaning that an initial perturbation
grows up exponentially; i.e. induced emission of radiation with well defined wavenumbers
and frequencies (hence coherent!) appears. It is worth to note here that in the absence
of dissipation all roots of the dispersion relation are complex conjugated. Therefore,
both resonant absorbtion and stimulated emission are described in this manner, but have
different fates. Those components of the initial perturbation which correspond to damping
will die and be forgotten while those inducing emission will grow up.

Collective mode description requires, of course, an adequate model of the beam. In the
simplest case it can be considered as a compressible charged fluid obeying a discontinuity
equation and an equation of motion (Euler equation). The hydrodynamic velocity as a
function of time and of coordinates is usually assumed then coinciding with the velocity
of a particle located at the same point at the same moment of time. In other words the
internal ("thermal”) motion of particles is neglected, so this model is known as "cold
hydrodynamical” one. Radiation energy then can be provided only for the account of
the directed longitudinal motion. However, sometimes this internal invisible motion is of
importance as a source of energy transferred to the radiation field. Then a phase-space
description becomes necessary provided by a kinetic equation (usually a self-consistent
Vlasov equation).

Beam conductivity. To illustrate this approach let us consider the simplest model of
an one-dimensional electron flow along z axis in a longitudinal uniform magnetic field
Bp. Let a plane wave propagate the same direction. To have a freedom to vary its phase
velocity a dielectric constant € is assumed.

Dividing transverse and longitudinal components of the total electric field one gets
immediately from Maxwell equations two separate linear equations relating the fields
to corresponding components of the space current density ;. Note that the transverse
components of the field have rights for existence even in the absence of the current if
ki = k*/e, 1.e, if the dispersion relation for electromagnetic waves is satisfied. The
longitudinal component has no poles and, hence, can not propagate if j; = 0.

Now we need another relation between 7 and E which is to be provided by the equation
of motion. For small fields exciting small currents inside the beam this relation should
be linear. The tensor o may be called a beam conductivity as far as the relation looks
like the Ohm law. Poles of o in the (ko, k) plane (if any) indicate a possibility of currents
propagating in a very rarified beam, i.e., represent a dispersion relation for beam waves
in the low density limiting case. As was pointed above neither electromagnetic nor beam
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waves can independently propagate if the corresponding poles coincide in the (ko, k) plane
where a collective instability (or stimulated emission) can be expected.

Assuming the equilibrium particles velocity B¢ and density po independent of coordi-
nates let us consider small wave-like perturbations of these values 67 and p. They have
to satisfy, firstly, a discontinuity equation, so that

p= kpg 5'0”
(ko — kB)

Secondly, the hydrodynamic equation of motion must be satisfied which equalizes the
total time derivative of the momentum density with the Lorentz force density. Note that
expressing p in terms of §7' one should take into account an anisotropy of this linear
relation due to a relativistic character of the directed motion.

Then, after some arithmetics, we get the sought expressions for the longitudinal and
transverse conductivities which again are splitted. Both are proportional to the beam
equilibrium density which plays a role of a coupling constant for the wave-beam interac-
tion. Note that the transverse part is gyrotropic indicating a Hall effect in the magnetized
beam.

So, in the low density limit the beam waves are of two different kinds:

- transverse ones conjugated with transverse currents (cyclotron waves with

ko = Bk x k.);

— longitudinal ones conjugated with space charge density variations (space-
charge waves with ky ~ 8k).

Cyclotron waves. The cyclotron waves are waves of the transverse current density
and of the transverse electric field not producing space charge density modulations and a
longitudinal electric field. (Of course, if the beam is restricted transversally some surface
charge density and corresponding Ej; appear). Being substituted into Maxwell equations
the expressions obtained above give the dispersion relation which splits in two cubic
equations corresponding to left/right circular polarization. Solving these equations and
omitting certain pecularities connected with the mentioned double degeneracy one comes
to an important conclusion. At the point of intersection of the fast cyclotron wave with
the electromagnetic one the system remains conditionally stable. The same is true in a
case of propagation along a waveguide with a finite cut-off frequency when two points
of intersection may exist as shown in the fugure. This hydrodynamic stability could be
expected because no transverse equilibrium motion is assumed in our beam model. For a
normal Doppler effect (the waves are fast!) all transverse oscillations must damp due to
emission. 5o if they do not exist initially there is no source of energy to supply a growing
wave. For a beam posessing some ”internal” energy the situation is different, so we better
put at the moment a question sign at these suspicious points.

Slow waves which can exist for 5% > 1, i.e., in the Cherenkov radiation domain show
remarkably different behaviour. There is a band of instability where an eigenwave grows
up exponentially. In the middle of the band the frequency is

N a——

The increment of the instability is proportional to the Langmuire frequency and, hence,
grows with the beam current as J1/2,
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Space-charge waves. In the model under consideration the space-charge waves are
longitudinal charge density waves associated with a longitudinal electric field only. Of
course this is valid for an unrestricted uniform flow only. Transverse magnetic fields and
longitudinal electric field will appear at a beam boundary but in the first approximation
can be ignored close to the beam axis. The dispersion relation for space-charge waves is
rather simple and follows immediately from the separated longitudinal components of the
wave equation and the equation of motion

ko = Bk £ k7

where kjc is a "heavy” plasma frequency containing the additional factor v~! coming
from the relativistic character of the longitudinal motion. The existence of fast and slow
space-charge waves is quite obvious in the rest frame of the beam. Here they are just
two plasma waves propagating along z in opposite directions with fixed plasma frequency
independent of k. The forward directed plasma wave appears as the fast space-charge
wave in the lab system while the backward directed one gives the slow wave.

Regretfully, in our model no interaction is possible between space charge waves and
plane electromagnetic ones as far as the latter have no longitudinal electric component in
the 1-D case. However, the calculations can be easily repeated for a beam filling uniformly
a regular waveguide where TM electromagnetic modes with a longitudinal electric field
may propagate with a phase velocity controlled by . The calculations are too cumbersome
to be reproduced here but the result is simple and transparent: the fast space-charge
wave remains stable and the slow one is a subject of instability. The only complication,
as compared with the cyclotron waves, follows from the smallness of frequency splitting
between the fast and slow waves which has the same order of magnitude as the coupling
coustant ck, has. As a result, the interaction between three waves takes place both space-
charge waves being taken into acount. The corresponding instability increment is then
proportional to I'/3.

Of course, our "local” dispersion relations valid in the vicinity of the points of inter-
section only are determined by general topology of partial dispersion curves and should
not depend qualitatively on a particular electrodynamic system. This 1s why we expressed
the increment in terms of local characteristics of the electromagnetic wave, i.e. in terms
of its phase and group velocities. This is to be stressed because the instability of the slow
space-charge wave plays a specific role being a basic physical mechanism for operation of
a travelling wave tube — a grandmother of all RF amplifiers with distributed parameters.
In practice, of course, the required retardation of the electromagnetic wave is provided
with periodic structures rather then with the dielectric constant as above.

Negative energy waves. Let us now discuss briefly a remarkable feature of the slow
beam waves (both cyclotron and space-charge ones) - their intrinsic capability for self-
excitation. The mechanism is almost clear for a cyclotron wave which is a IMAacroscopic
result of coherent rotations of particles around the external magnetic field lines. The
slow wave interaction with an electromagnetic wave can take place only under condition
of the anomalous Doppler effect when an oscillator (or rotator) gains transverse energy
as a result of emission. Gaining energy it radiates more and the radiation field is self
amplified.
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For longitudinal space-charge waves the mechanism is less transparent. From the
discontinuity equation it folows that the density oscillations are always in phase or in
antiphase with the velocity oscillations depending on the unequality

ko > kB3 or ko < kpf.

One can calculate the mechanical energy of the oscillations as a difference between the
beam energies in the excited state and in the equilibrium. Close to the resonance it
appears to be negative if kg < k3 ! The reason for this is that the beam is rarified at
points of maximal velocity being compressed at the points of minimal velocity.

For this reason the slow beam waves are called sometimes negative eNergy ones mean-
ing that the energy of the system decreases when the wave is excited. The situation
1s obviously instable: a negative energy wave just expects a positive energy partner fo
transfer its energy and to be self-excited. This transfer really takes place when interact-
ing with an electromagnetic mode: both grow consuming energy from the longitudinal
particles motion. More than that: if the beam propagates in a non-ideal electrodynamic
structure where ohmic losses exist the self-excitation of the negative energy waves is pos-
sible regardless of the synchronism condition. Unfortunately, this is not a discovery — the
fenomenon is a basis of the well known resistive wake-field instabilities in accelerators.
Up to my knowledge, even a travelling wave resistive amplifier was tested upen the time.
Its characteristics were far from ideal ones, but physically it could look as simple as just
a beam propagating along a resistive conductor.

Kinetic effects. Let us come back now to fast cyclotron waves predicted to he stable
hydrodynamically. One can expect that this stability exists only in the absence of in-
ternal rotational motion as a source of energy to be lost for radiation. This suspicion is
enforced by the single particle theory result predicting induced radiation in the system of
preliminary excited transverse oscillators.

As was mentioned above the cyclotron waves are double degenerated in the absence
of internal motion. If the latter is presented the corresponding branch is splitted because
the beam consisting of rotating particles can not be indifferent to a direction of circular
polarization. As a result, "conditionally stable” intersection points are really 3-wave
intersections and provide two complex roots of the dispersion relation. A qualitative
character of the normal modes dispersion is shown in the figure.

To get a less formal explanation of the instability one can have a look at the mi-
croscopic rotational motion. Having an angular momentum each particle rotates around
the magnetic field force line with the Larmor frequency which is inversely proportional
to its total energy. If the rotations are non-coherent, i.e. have random phases, they
do not reveal a macroscopic motion being averaged. However, any phasing (preliminary
and/or induced) excites rotating coherent currents interacting with a circularly polarized
transverse electric field rotating in the proper direction.

Just one step remains to explain the instability. The required bunching is provided
again by the autophasing mechanism applied now to the rotational motion. If the rota-
tional velocity is in phase with the transverse electric field a particle gains energy and,
therefore, looses rotational frequency. A particle in antiphase gains the frequency. So,
they are tending towards accelerating phase (i.e., to absorbtion) or decelerating phase
(i-e., to induced emission) depending on the rotational frequency of the transverse electric
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field. We came to the same conclusion as for directed beams: some quasy-resonant waves
will be absorbed and some self-amplified. The only difference is that the cyclotron angular
velocity is inversely proportional to energy while a linear velocity of a particle increases
with 7. In reality both dependencies should be considered bearing in mind the particles
longitudinal motion as well, but this would not change the main result - the appearance
of stimulated emission driven by the rotational internal motion.

This mechanism of the stimulated emission of cyclotron radiation is a basis of so called
cyclotron resonance masers (CRM) including the well known gyrotrons.
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Lecture 4

Schemes of Realization

General requirements. The physical principles discussed above provide a general ap-
proach to realization of wave-beam interaction to produce high power and high frequency
electromagnetic radiation. First of all, an electromagnetic system is to be chosen where an
individual electron can radiate a quasi-monochromatic electromagnetic wave in a desired
spectral band where the condition of synchronism is fullfilled. Note that to get radia-
tion in a short-wave region relativistic electrons must be used unless very fine delicate
structures are employed with caracteristic dimensions of order of Ay which are obviously
nonpractical under high power and high current conditions.

If the beam-wave interaction occures under conditions of the normal Doppler effect
some precautions should be made to excite transverse motion in the beam. This can be
done either at injection, as in the case of a cyclotron resonance masers, or with additional
transverse forces using, for example, an undulator system. In the case of the anomalous
Doppler effect the beam can be initially cold, the transverse oscillations being self-excited.
Note that in the first case higher frequencies of radiation are available.

The beam current determines the e-fold radiation length for stimulated emission. If
the available current is small the radiation length can exceed any reasonable distance L
of interaction, so that the system may operate as an oscillator only. Then the single pass
gain parameter proportional to L*[ is essential. To convert the system to an oscillator an
effective feedback must be provided by an external cavity or by a negative group velocity
component of the wave. In the first case the cavity is to be longer than L and will be
excited at a very high standing mode. The second way can be used only for comparatively
long waves which might be controlied with external electrodynamic surroundings. The
short wavelength waves are almost free and have a positive group velocity close to c.

As a matter of fact, one does not need a large gain to get a self-excited system.
The gain must just overcome inevitable losses at the cavity mirrors and diffraction losses
including the output power. These losses determine a certain starting beam current.
With currents exceeding this value the electromagnetic field increases exponentially in
time with an increment depending on the current and on the cavity @Q-factor. Then it
comes to a steady-state level determined by saturation when a particle makes about 1/4
of a synchrotron oscillation in the excited wave along the system. Note that enlengthening
the system helps to decrease the starting current but decreases the steady state power for
fixed current. Besides, the transient time increases with the length of the cavity requiring
a larger duration of the current pulse (10 meters of the cavity length require at least tens
of microseconds to be excited).

Prospects of the high gain regime (if available) are much more attractive. The system
serves then as an amplifier and does not need an optical feedback. The last is essential for
high power levels when radiation damage of mirrors might occure and/or for very large
frequencies (UV and X-rays) where effective reflection is hardly possible. The output
power level ts limited only by saturation which comes at pretty high fields. In a way,
the saturation process with its induced spread in electrons energy is equivalent to beam
"heating”. But, unlike solid state of gas lasers where overheating of the working medium
may lead to diastrous effects, the electron beam is pumped out with the velocity of
light. Of course, the overall efficiency of a high power amplifier becomes a very essential
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parameter.

FEL family. From a viewpoint of general principles of the induced emission all electron
beam systems might be called "free electron” lasers or masers meaning that the radiating
electrons are not bound in atoms or crystall lattices. However, the name is usually kept
for short wavelength relativistic beams devices where Doppler effect is employed and the
radiation fields are very close to those of well directed plane waves.

Nevertheless, it is worth to stress common features of all beam systems with dis-
tributed parameters. According to different types of the synchronism condition they may
belong to two classes: those based on the Cherenkov mechanism or employing Doppler
shifted radiation from a moving oscillator. As was discussed above the Cherenkov mech-
anism requires slow waves, i.e., retarding electrodynamic structures are to be used with
characteristic dimensions of order of magnitude of the wavelength. Comparatively low
frequency waves may be generated and/or amplified in this way. Variations of the struc-
tures are really countless. The most common ones are iris-loaded or spiral waveguides or
a chain of cavities (klystrons). For short waves generation dielectric coatings or metallic
gratings (Smith-Purcell effect) can be used.

By the way, the Cherenkov radiation fields lagging behind the radiating particle are
easily recognizable as wake fields. So modern schemes of wake field acceleration are really
very close relatives to the Cherenkov type devices. One may include even two-beam
acceleration in this family where one beam serves as a retarding medium for another
beam Cherenkov radiation.

In this connection it is worth to remind that the stimulated emission mechanism is
actually a mechanism of a beam instability. It easily reveals in situations where one needs
a steady beam propagation, l.e., in accelerators. Here collective instabilities are to be
avoided, but the physics is common. Certain relations between collective instabilities and
mechanisms of induced emission are marked in the figure with dashed lines.

The second class is more suitable for high frequency radiation when the electromag-
netic waves are free or almost free. There is no retarding system and fast heam waves
are used. Transverse particle oscillations must be excited to be a source of the radiation
energy. This can be done either at injection in a longitudinal magnetic field (cyclotron
resonance masers) or by pumping them in the interaction region. The latter is actually
employed in undulator systems. The stimulated emission of undulator radiation was sug-
gesred by Phillips in early 60-s for nonrelativistic beams (ubitron). Being extended to
relativistic beams with a strong Doppler shift this principle became a basis for modern
free electron lasers. Their features will be considered separately. At this moment I would
like just to mark in the figure the logic way from the general principles to Stimulated Am-
plification of Spontaneous Emission with the double line and to return to the Cherenkov
type devices.

‘Iravelling wave tubes and others. In a travelling wave tube a longitudinal instability
of the space charge slow wave is employed as shown in the figure. To get a retarded
electromagnetic wave with a longitudinal electric field component a periodically structured
waveguide is commonly used and operation takes place in the first transparency band
well separated from the others. Hence, the operational frequency is close to the cut-off
frequency of the waveguide.

TESLA FEL-Report 1999-07 - S}

T1’.37

Tr.3% g



TESLA FEL-Report 1999-04

TR.39

RN

Q><3 15v4) CILIIHS ¥ddQQ

,>uzwaawdu No1K

N

@AYM MO0T1S)  AOANIVIND

AINIODIYY MO

AWV 134

wm*w SHANOWIVYH *1o
Va1 KON ....w.,_r,hu‘w 4-2s0 Tem |
333 Ho| | - Ho1u]| [NvD MmOl | Wv39-nvag IAsis3y ||
/ |
EEY | / d ﬁwﬂwﬂa ALy |
Liv? . ] 734 / QIYYAH -nvio ||
‘LSADY ————T0LvY1NaINN \\ _ : ; _
TN
/ _
*-2¢ 133 San _
Q3SYIANL m.w._. LITSvLsN :«mn.‘ | _
_II “ _ S153Y
LOS ANl | [Wod LN HY S'8A9 _ “
A BT
3-3AYVM] | | —HLIWS | LMg
[
qadNNd (Wy3) 333z wvas z| I'031312] |sontivas| | LML —J¥LsA10

TESLA FEL-Report 1999-07



TESLA FEL-Report 1999-04

FAST

: SLowW SR-CH. LONG. WAVE (NEG. ENEREV)

TwT

————ne

/ + PER.STRUCTURE StLow MODBE

o HiGH GAIN HIGH EFF-CY For AZ |cewm

o Low FREQ-c¥ (LIMITED BY PERIOD AVAILABLE )

o Towee o d¥ec L2 FoR FIXED CURRENT DeNS-Y

o J" C\’%"l)llz ; @& el k-:/g o< ‘6—2/3 (K does wol L-e-(r)

s , perey BWL

e ——

© DISTRIBVTED FEEDBACK —¥ O0SCILLATOR
o SIGNAL LEVEL  EFFIC-Cy ete DETERMINED RY PowER
SALANCE AND/OR BY SATURATION

o LIMITED TUONABALTY

TESLA FEL-Report 1999-07 —E5q



TESLA FEL-Report 1999-04

A travelling wave tube provides rather high gain and high efficiency for centimeter
long waves and serves usually as an amplifier. Its intrinsic disadvantage is common for
all Cherenkov type devices. To increase the operational frequency one has to decrease
proportionally not only the period of the structure but all transverse dimensions as well.
The cross section drops as A% so does the total current for fixed current density determined
by the Child-Langmuire law. Increasing voltage increases the available current density
but one can not go this way too far. The second (again common) disadvantage is a limited
TWT tunability.

As a high-gain amplifier a travelling wave tube can be easily converted to an oscillator
with a kind of feedback. Usually it is done by selecting the operational point of the
dispersion diagram to make the group velocity of the wave negative. Then the power flux
is directed oppositely to the beam providing the desired distributed feedback. For currents
exceeding a certain starting value this backward wave tube operates as an oscillator.

As a variation of the general scheme one should mention a grating used instead of
a periodic waveguide. Originally the idea was published in a short note by Smith and
Purcell who suggested an elegant interpretation of the effect. Really, a particle passing
across the conducting grating will be accompanied by an electrostatic image which jumps
transversally when passing through a surface step. The jups of the image may be con-
sidered as a source of radiation. One can hardly apply these arguments to relativistic
particles but the Smith-Purcell effect remains in this case as well. It can be treated as
Cherenkov emission of a slow surface wave which propagates along the surface being con-
centrated in its vicinity. Reflection from a concave mirror placed upon the grating and
the stimulated emission mechanism do the rest converting the system in an orotron - a
nice compact oscillator of millimeter long waves.

To finish with the Cherenkov mechanism one should mention, perhaps, two-beam
schemes which do not need a retarding electromagnetic structure. This is interaction of
two pairs of space-charge waves (negative and positive energy ones) which produces the
radiation. The scheme is elegant physically but is useless for high frequencies well above
the plasma frequency of the beams. In revenge, this type of interaction is a basis of
numerous beam-beam instabilities well known in accelerators.

To stress once more the relationship between instabilities and induced emission effects
I take a liberty to say that any linear accelerator may serve as a Cherenkov radiator being
fed with a high energy beam. As a matter of fact it works in this way, but the radiation
field of the main mode is just subtracted from the larger accelerating field as far as the
beam 1s properly bunched. However it may radiate, and it does radiate, also in the next
transparency band where its bunching does not play any role unless ky is an integer of
k4. As a rule, the next band belongs to a non-symmetric mode with transverse magnetic
field at the axis. The radiation then distorts the beam transversally: this is a blow up
convective instability which appears in long linear accelerators even at low currents.

Cyclotron resonance masers. Coming to the second class we consider at first cy-
clotron resonance masers where the transverse oscillations with gyrofrequency {1 are in-
duced at injection in a longitudinal magnetic field. For free waves the beam optical
activity can be expected at

E

koC:1+

™

TESLA FEL-Report 1999-07 — §o~—

Tr35-4\

Ted?2



TESLA FEL-Report 1999-04

GRATINGS (Smitu-PuecelL EFF)

- .—I\IW NONRGLATIV, SINGLE-PARTICLE
B 1 REPRESENTATION !
?_—_*___ ett e a—r—m~  OSCILLATING CHARGE |MAGE
o—>
OROTROW

O - SURFALE SLOW WAVE CHERENKOV RAT\AT\OWV
© FREQUENCY - ANGULAR. DEPEUDENCE

o DEAM- GRATING DISTANCE < AY. LARGE CURRENT — ¢

:

—> i —> DUMP
S

2 BREAMS SCHEME

————

NO SLoW-WAVE STRUCTURE
0 LOW GAIN FOR UHF

0 WAVE TRANSFORMER 10
EXTRACT E.M,WAVE

BLOW- VP IN LINACS
K ()

Hvye F-.;. TRANSVERSE (N STABRI\LATY

NOT INFLUENCED BY BUNCHING
Tos

UNLESS ka‘ Nx K,

PHASED
BUNCH ﬂccm’m.yé;eg
ST =
A : . . ‘ //A(a/ ?nae/e

TESLA FEL-Report 1999-07
—_ 5\ —



TESLA FEL-Report 1999-04

UHF (DorpLER SHMFTED) FELS. GENERAL EEATURES.

o SHORT WAVELENGTH —> No SLow-WAVE STRUCT, Ppn>1
TRANSVERSE WAVE FOR Ry, =1

o TRANSY, OSCILLATIONS AND NORMAL DoPPL. EFF

Fo ) L hers/e
R S VNPT 311
,//// Ko ‘_‘3 ~ /‘_‘_KZ
e
f’// > K for §P= 1

(©) INTERNAL ENERGY OF TRANSV. OSC-NS To BE SPENT FOR RAD-N

© TRANSYV, OSC-NS NON COHERENT AT INJECTION |, THEN —>
—> SELF 0RGANIZED .(PHASED) DUE To INDUCED RAD-N

6 JIF EXCITED AT (NIECTION ONLY ~—> DAMP
o REALIZATION : INJECTION IN LONGIT. MAGNETIC FIELD

CvCLOTRON RESONANCE MASERS

i
o EveENTFor SMALL & (SMALL "TRANSV. ENERGY ; HENCE

2 qB :
SMALL EFFICIENCY) ko= 2%~ Sh%c_:_r oc Y TNSTEAD

of tz (Foz VISIRLE LIGHT AnD R,=10T ¥ = 103)
o MoOST APPROPRIATE FOR Az lwm CMASERS)
WITH GooD EFFICIENCY TIF K LARGE

>

GYROTRONG CARM

TESLA FEL-Report 1999-07
— 2 —



TESLA FEL-Report 1999-04

where the fast cycloton wave interacts with the backwards directed electromagnetic wave
and at
Q2

k‘oC = 1— ﬁ

where the forward directed wave is used and strong Doppler effect takes place. Note,
however, that the Larmor frequency is itself inversely propottional to ~, so that the net
frequency multiplication factor for fixed magnetic field goes as v rather than as % for
undulators. For example, one would need the field about 10 T and v & 10® to reach the
visible light frequency.

If a regular waveguide is used for wave propagation a finite cut-off frequency appears.
Now there are two intersection points:

I A e A U DB
B E ! 3

A choice between these two possibilities depends on the available energy and distance.
For a table top device v is always of order of unity and the difference in the operational
frequency is not dramatic. One can sacrify the Doppler effect and select the low frequency
point of intersection getting @ = ki, and, consequently, &y = ki, & = 0. Then the
operational frequency becomes independent of the longitudinal particle velocity in contrast
with the Cherenkov type interaction when high precision of this parameter is required.
This scheme was suggested in early 60-s by Gaponov and was called a gyrotron.

The choice of & = 0 means that the electric field is uniform along the beam at any
moment of time and the waveguide operates at a standing mode like a cavity does. The
output end of the waveguide performed as a selective Bragg mirror being corrugated with a
proper period. This provides certain modes selection and the output power control. Note
that the internal power circulating inside the cavity is @) times larger than the output
one and determines the electric field level inside. This is essential for getting the maximal
efficiency which is inversely proportional to the number of particle turns but needs a
sufficiently large electric field to be realized (i.e., to equalize the saturation length and the
cavity length). Optimization of gyrotron parameters from various viewpoints including
such technical problems as output windows, a beam collector, an external solenoid, etc is
too complicated to discuss it now. Nowadays many articles and monographs are devoted
to this subject.

The second point of intersection is more interesting for the high frequency operation
but requires larger 4s. By the way, this is the only point of interest if the wave 1s almost
plane, i.e., if ko > k., . Besides, it gives an unique opportunity to support the synchronism
condition under very large variations of the particle energy. Really, kg can be represented
in the form

g8y

ko = 7 =6 x 10111_1B0 [T] cm_l

mc?

3 _kO_kco

0

where the multiplication coefficient I = (1 — f3) is an exact integral of motion. The latter
follows from the fact that an emitted photon carries out Ay = hkg/mec and A(v3) =
hk/mc which are exactly equal for free electromagnetic waves. As a result the three
dimensional cyclotron resonance in a plane wave is kept inspite of changes in the particle
energy. This effect was called an "autoresonance” and the corresponding device got the
name CARM (Cyclotron AutoResonance Maser).
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If one is satisfied with ky = 6 x 10" By [T] em™! the choice of ] = 1 can be recom-

mended. Then starting from an arbitrary energy v with the initial angle # = arcos\/ (y—1)/{v+1)
the resonance will be kept up to v = 1 which means the 100% energy transfer (in cases

of I <1 ~v; = I71). Unfortunately, an attemt to use very large ys meets a necessity

of large electric fields to realize this potentially high efficiency at acceptable lengths. It is

worth to note that an inversed autoresonance scheme was originally suggested for particle
acceleration in laser beams.
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Lecture 5
Free Electron Lasers

Now we are discussing possibilities of generation and amplification of very high frequency
waves, i.e., so called free electron lasers. The considerations above show two conditions
to be met:

— Interaction with plane free waves with phase velocity =1. The normal Doppler effect
is to be used with high energy beams.

— Transverse oscillations of electrons with the highest possible frequency must be
provided in the lab frame. The larger is the frequency the less severe are requirements to
the particles energy.

Free oscillations, that is, oscillations induced at injection can hardly have a sufficiently
high frequency. Actually, the operational frequency in a longitudinal magnetic field was
estimated at the previous lecture for CARMs and was found to be limited by available
field strengths. External quasi-elastic forces or transverse beam coherent oscillations also
seemn hardly adequate because their frequencies are small for heavy relativistic particles
£00.

Forced oscillations induced by external transverse fields alternating in space along
the beam trajectory look better from this viewpoint. Their spatial period which deter-
mines the frequency can be made small enough, especially if one uses free electromagnetic
”pumping” waves for this purpose. The term stresses the relation of the scheme to tradi-
tional lasers. Moreover, stationary fields (both magnetic and electric) of large strengths
can be used. The term ”pumping” then still can be used at least in the rest frame of the
bean.

As far as we deal with two waves (pumping and emitted ones) and with non-interacting
particles the process can be considered as wave Compton scattering or two wave process.
The (ko, k) diagram showing the corresponding conservation laws is presented in the figure.
One can see that the reflected wave frequency really may exceed the pumping wave one
if the particle gets an essentially relativistic recoil momentum.

Induced scattering. We shall start with pumping produced by an incident free elec-
tromagnetic wave of a comparatively low frequency w’. Being directed oppositely to the
beam the wave shifts particles transversally with the frequency (1 + F)w’ in the lab frame.
Hence, they radiate along z a wave of the high frequency «/(1+ 8)/(1 — 8) ~ 4v%w'. The
effect is quite recognizable as a reflection of the incident wave from a moving relativistic
mirror. Calling it Compton scattering we mean this frequency shift, although the effect
has not much common with real quantum Compton scattering which reveals at much
larger frequencies than those of interest.

Of course, the scattering cross-section of an individual particle is so miserable in
practice that one may expect only numbered back scattered photons to be observable.
However, the induced effects should cause stimulated scattering meaning that the beam
is self modulated in density and re-radiates the high frequency wave coherently. In a way,
it looks like a Bragg mirror with high selective reflection coefficient. As was discussed
above the radiation length must be less than the interaction length for this purpose.

As a rule, one can not neglect the short-range interaction of particles involved in the
process. So a wave interpretation of this stimulated effect is of a general physical interest
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and deserves several words. For interacting particles the recoil momentum belongs to a
space charge wave as well as to an individual particle. This obviously changes the picture
at least when the plasma frequency is of the order of magnitude of the pumping wave
frequency. Moreover, in dense beams the space charge waves frequency splitting becomes
essential so that the gain dependence on the current is closer to //* rather than I'/3,

Different people use different names for this collective stimulated scattering. In FEL
physics it is usually called a 3-wave regime bearing in mind the incident wave, the scat-
tered one, and a slow space charge wave which plasmon takes the recoil nomentum. In
radiotechnics they say about parametric excitation of the system with an eigenfrequency.
Perhaps, the most adequate to lasers is an optical language where the phenomenon is
known as a stimulated Raman scattering process.

The next figure illustrates the analogy with the optical Raman effect. This is a dis-
persion diagram where ((k) represents an internal vibrational degree of freedom (plasma
waves in the beam rest frame). There are two channels of the incident wave scattering in-
cluding plasma waves. If a new plasmon accepts a part of the recoil momentum (a Stokes
component) the conservation laws say that the reflected wave frequency is shifted down.
Note that the new born plasmon must propagate the same direction as the incident wave
does. The second possibility consists of dissapearance of an already existing plasmon
(oppositely directed). Then the reflected wave frequency is shifted up (an anti-Stokes
component in the Raman scattering process).

The same situation looks more complicated being cosidered in the lab frame because
an electron momentum recoil leads there to an essential loss in energy. Except of the
usual change in frequency due to a reflection from a moving object the delivery of a new
plasmon produces the Stokes frequency shifted component. However, the sign of the shift
depends on a kind of the new plasmon. If the latter is associated with the fast space-
charge wave the shift is negative as above. But an appearance of a negative energy wave
plasmon shifts the frequency down. The anti-Stokes component behaves oppositely but
it 1s not of interest at the moment.

Now we can foresee a possibility of stimulated Raman scattering with exponential
developement of both components if no initial plasmon exists. Being born for the account
of the beam energy the slow plasmon produces some modulation of density which increases
the incident wave reflection if its wavenumber in the plasmon rest frame (denoted by
primes) satisfies the Bragg condition k] = k. So the number of the plasmons grows and
the intensity of the reflected wave grows as well up to a certain saturation level.

Simple calculations shown in the transparency lead to the following conclusions:

- A spatial lattice develops in the beam with
Wi — _ w; 3 -0

Q
ck, = T and velocity 0, = o

Note that in a relativistic case (strong Doppler effect!) it moves a bit slower than the
heam and has the spatial period about 2+? times smaller than that of the incident wave.
~ The reflected wave frequency is

_wi(l4+8)+ 8
W=

The corresponding increase in quanta energy as well as the lattice potential energy are
paid by the beam kinetic energy.

~ 4y w;.
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Relativistic ubitrons or undulator FELs. At last we came to the main scheme
widely used for modern FELs. It is based on the stimulated emission of undulator ra-
diation (Phillips) produced by relativistic beams (Madey). The scheme is well known
and was described in numerous publications and monographs. I will stay only on its
conformity with the considerations above.

This stimulated emission of undulator radiation may be treated in various ways. The
steady state undulator field might be also considered as a pumping wave (not free, of
course!) with w; =0 k; =k, = 2n/] where { is its spatial period. Sometimes radiation
is considered as a result of the pumping wave stimulated reflection (Compton or Raman
one depending on the ratio k3c/2,).

In the case of the fixed spatial period of the transverse oscillations we can specify
the parameter of phase motion sensitivity to energy deviations which is essential for
the stimulated phasing mechanism. As far as the value @ = Bkye/l is now directly
proportional to 3, one has a = ™3 « 1. Thus, the phasing is rather lazy for relativistic
particles and large radiation lengths are to be expected for high frequency devices.

Let me remind also that for a fixed desirable frequency and for the undulator coefficient
K =~ 1 one more essential parameter remains, i.e. the radiation length which determines
the mode of operation. If the beam current and the available length of the system are
small one needs a cavity to increase the internal field. Then the system operates as an
oscillator. For large currents one has a luxury to afford L » L, and to get an I'EL
amplifier. {However, some intermediate schemes like a regenerative amplifier have been
suggested. )

Several general relations are repeated in the next transparency just to remind the
previous treatment. Note that the mode composition of radiation changes along the
system {within the synchronism condition frames, of course). At initial parts of the
interaction space modes with the optimal positive detuning are more favorable and grow
as z° untill the radiation length is reached. Then the synchronous modes growing up
exponentially overtake them. A coexistence of various modes is assured only at the linear
stage of the process. One may expect that the most successive mode will supress the
others and then, at the suturation length, will decay because of non-linear processes.

The frequency of the desirable mode can be controlled with two parameters, the beam
energy and the undulator coefficient if the latter is large enough. This provides one of the
most essential advantages of an undulator FEL - its large tunability.

For an ideal FEL amplifier the frequency band is limited from below by the ratio of
a so called emission lengih to the gain length. The former can be defined as a length at
which the radiation wave overtakes a particle for one wavelength. This is, of course, the
wavelength divided by 1 — 3 factor, i.e., the undulator period /. One may say that the
relative frequency band is just the inverse number of periods along the gain length. Of
course, there are plenty of reasons why the real band can be wider than {/L.. Some of
them are listed in the transparency and are more or less obvious. I would like to comment
just one thing related to the time structure of a high energy beam. If the beam is produced
in a resonant linear accelerator, especially under condition of a small energy spread, it
looks like a train of short bunches radiating independently, i.e., In a non-coherent way.
In the amplification regime each bunch is accompanied then by its own flash of radiation
which, of course, is faster than the bunch itself. However, the bunch in the rest frame as
a rule is longer than the gain length meaning that §; > (1 —3)L, = L,/2%, and the light
emitted by tail electrons never reaches the head ones. 5o in most cases the finite length

TESLA FEL-Report 1999-07 - ?‘ l -

Te. A3

Tr.48

i



TESLA FEL-Report 1999-04

\

Tr.43
RELATIVISTIC UBITRON CPHlLLlPS 1941
(unouviaTor FEL) (MabEY  1812))

o THE PUMP RIELD CAN BE ESSENTIALLY (NCREASED ¢ IT I8
A STEADY STATE MAGNETIC FIELD ALTERNATING (N SPACE
| Cpumg 0 ) kp,mp= rk, (o0r=10 c.m")
o CAN NOT PROPAGATE. MUSTRE EVERYWHERE (VW INT. REGION
O PRODUCES TRANSV. ALTERN.FORCE —> PUMPING WI(TU
S2=Rkye
o LONGITUDINAL MOTION RESPONSIRLE FoR PHASING

R ___———ldotsz'/c):-l—L:‘— —L—'
TTag L xep e P

0 PLANE oR RoTATING ~> PLANE OR CIRC. POLARIYATON

THIS Is AN UNDULATOR (WIGGLE & q:&p() 1

FEL osciLLAToR MIRROR,

. ﬁ
To TRE MI\CROSCOPE

TESLA FEL-ReportNpge-€7 TOR 3-d MILLENIUKH



TESLA FEL-Report 1999-04

@ UNDULATOR FIELD FORCES TRANSVERSE OSCILLATIONS S?-='-?|=..B

FREQUENC\( AND AMPLIFICATION

AND DRIVES A FAST BEAM WAVE ((TRANSV. PosITIVE ENERGY )

WIETH Ko= B+ BKki WHICH IS GYNCHR. WITH EM.WAVE (KkzE)

ko A ’ L‘GH’T

7 eprekuy) ek = 53

=— (@] e -9

-
// ke SUPPORING  Bu.= cons T

1+x"pl
~ -— -2 P —
{ R P'Jl'ﬁ "?i ~ 1 252
—'gku_h-"' k SO

2k
kee ——= 5 C={k

A+ K?
) LierT PuLsE enNercy (Poweed Ve DIsTANCE
E"P )T‘ ’P’*” “a NOW-LINEAR PECAY
exte o
P L % MAIN MODE Gl

exp f—
<

{ ] { T — ?
Le Le Loar
2 3
P-B~TC 2 PREMATURE MODE
o % G,

() [:!_UNA-\?,lL\T\( CAW BE PROMDED ('EC C.DNTROL)‘\
. — ]

TESLA FEL-Report 1999-07
N |



TESLA FEL-Report 1999-04

FREQUENLNY ®BAND

o IpEaL ((RADIATION WIDTH ) ..‘?Eu"-‘ ~e ..E-

i
o POSSIBLE WIDENING:

+ TRANSVERSE NONUNIFaRMITY (N UNDYLATOR

* MODE COMPETITION (SARE)

+ NONLINEARITY . TIRST APPEARANCE — S\DE BAND
MODES DUE To SYNCHR. OSCILLATIONG OF CAPT-D PARTICLES

+ BINITE RUNcH LENGETH. UsUuALLY NOW ESSENTIAL BECAUSE
“RUNCH s LONGER THAN UNDULATOR - HEANING THAT LIGHT
FROM TALL PARTICLES NEBVER REACH HEADONES, LT (T DOES
AN INITLAL MODULATION EXISTS AND WILL. BE AMBPLLEIED —
WTERESTING COHERENT ‘SUPERRADIANCE .

+ BEAM (NSTABILITIES A WARE plELDS | ede , ete

SATURATION

0 SAT. LENGTU —To RECOMPOTED, "PHNS. HEANING — MAXIMAL
PHASE BUNCHING . TDEPENDS ON INLTILAL SIGNAL LEBVEL
LINEAR GALN , DIFFRACTION | SPALE cHARGE e

) SAT. PSWER AND BFF-CY CAN BE ROVLGWLY ESTIMMED
START (NG FTRaM MAX ENERGY "DECREASE oF CAPT-D PARTICLES

h..c,"T

ANh PoOowER BALANCE
-
Pe €eS fuxr = Toy=s

2 _A/3 VY
By = [lesr'ic_l_} 5. P le’\Cﬁ]sx)s q «
. - ) -— —— hd WS
S kX IO ) 'l ¥ gku. L,
TESLA FEL-Report 1999-07 _S‘ '
e G

F4 e?



TESLA FEL-Report 1999-04

of a bunch does not influence the spectral width. However, in some cases of low gain it
does and the beam structure is of importance.

Actually, the spontaneous radiation spectrum for a chain of short (§, <« (1 — #)L)
bunches has a width determined by /; rather than by L. If one increases the gain so that
L, becomes comparable with L the width is of order of L~!. So an observer sees the line
narrowing with somewhat increasing intensity. This is an analogy of the optical effect
known as "superradiance” which is the first manifistation of lasing.

I have mentioned several times the saturation length as one of the important FEL
parameters. For a small gain regime it was defined as a length at which a particle makes
about 1/4 of a phase oscillation in the radiation field. Unfortunately, in the high gain
regime this estimate is not informative and the saturation length is to be computed many
specific factors taken into account. Inspite of that, the saturation power level can be
roughly estimated bearing in mind that the change in the particle energy is of order of
the "energy size” of the separatrix in the phase plane. Then a simple energy balance shows
that the saturation power drops with the mode cross-section as (5k2)~1/? and increases
with current as [4/3.

As for the radiation (gain) length, it also can be estimated assuming the operational
mode concentrated within a cylinder of the cross-section S. It is proportional to (S/1 )1/ 3
although must be computed, of course, under particular conditions being a crucial FEL
parameter. Note, by the way, that the mode cross-section does not coincide with the
beam one and exceeds the latter because of diffraction.

Diffraction phenomena are a subject of a 2-D theory and very qualitative consider-
ations only can be adduced in the frames of our simple model. In a low gain regime
particles radiate within an angle of y~! which, as a rule, is larger than the beam angular
aperture (transverse dimension a over the interaction distance L). So the beam side sur-
face emits everywhere along z and the radiation field outside it drops as a/r, typically for
a cylindrical wave. However, in a high gain regime the angular divergency of the really
amplified modes is of order of a/L, < ¥~!. So the outgoing radiation is rather weak as
compared with the directed one and the radiation field is concentrated in the vicinity of
the beam. This present of nature is called sometimes beam wave guiding.

It was shown (Saldin, Schneidmiller, Yurkov) that in most cases the effect can he
characterized by a single diffraction parameter B proportional to I'/3. The effect of the
field concentration is more or less independent of a transverse beam density distribution
(see the computed curve in the transparency).

Beam quality. Let me say now a couple of words on a required beam quality. Calcu-
lation of tolerances is a separate and very serious problem for any particular project and
includes a lot of compromises. It hardly can be enlightened in these brief notes. However,
several estimations should be done just to show that the stimulated emission mechanism
is not a magic stick and can produce and keep the fine spatial density modulation (with a
period of A} in a well organized beam only. I conciously omit now numerous requirements
to the beam alignment, to the undulator magnetic field, etc which are meaningless unless
electron beam internal parameters are sufficiently precise.

There are two main beam parameters obviously influencing the process of interest —
an energy spread and a transverse beam emittance. The first can be readily estimated
using the condition of synchronism. If a particle does not satisfy the condition at the
main mode frequency it is at least useless not taking part in the beam - wave interaction.
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The acceptable relative frequency deviation was estimated above as N:! where N, is a
number of undulator periods per the gain length. Noting that an energy deviation A~y
produces a longitudinal velocity deviation of order of Af & Av/+4° one can evaluate an
acceptable relative energy spread as N-! with the coefficient of 1 /2 depending on one’s
optimism.

Emittance estimates are more ambiguous. On one hand, to make an income to the
common radiation field a particle angular deviation should not exceed at least the natural
angle of 47!, On the other hand, the transverse off-set should be small enough to give
a possibility to irradiate all particles at the next undulator period to support a trans-
verse coherency. These arguments (rather misty, I admit) lead to a simple conclusion:
the required 1-D transverse emittance is of order of the wavelength. Moreover, a plane
undulator produces some focusing with a betatron oscillation wavelength of order of ¥
periods. The beam emittance should be matched with the undulator acceptance. This
gives again the same order of magnitude. Actually, this is not a law and the situation can
be essentially improved with additional external focusing. Anyway, one should be ready
to pay for an extra emittance not to sacrify the gain.

By the way, the energy spread estimated above is nothing but the longitudinal beam
emittance in some units. Bearing in mind that this is just the total 3-D emittance which
is untouchable one can repump a part of a transverse phase volume to the longitudinal
one or vice versa depending on the most stringent conditions. These schemes of "beam
preparation” or emittance — aceptance matching give sometimes a dramatic increase in
the gain for a fixed total current.

Certain improvements. In conclusion let me stay brifly on certain modifications of
the main scheme which seem to be of a general physical interest.

The first one (Skrinsky and Vinokurov) was suggested to overcome the smallness
of the phase sensitivity parameter a &~ 4~2 which leads to rather lengthy systems for
comparatively small currents. The last situation is typical for FELs fed with storage rings
beams. The idea consists of a special dispersion section placed between two sections of the
undulator. As far as the time of flight through the section depends on the particle energy
rather than on its velocity the bunching effect is essentially enhanced. The first undulator
section then plays a role of a modulator, the dispersion section bunches the particles, and
the final part serves as a radiator. There is an obvious analogy of this "optical klystron”
with its radiotechnical namesake. Note that the increased phase to energy sensitivity
automatically makes requirements to the beam energy spread more stringent. However,
the spread is already small in storage rings because of intrinsic radiation cooling.

The second meodification is more radical from a viewpion of general physics. Originally
(Sprangle) it was directed to an increase in FEL efficiency which otherwise is regrettably
low (of order of N7 '). By the way, one may have various opinions about the high effi-
clency necessity unless very large light pulse energies are required. The question is rather
economical one. But, anyway, this is a bit offensive to accept that the highly organized
beam energy can not be exploited and serves only for the Doppler effect maintenance.

The idea is to force the beam to radiate after the saturation occured and the particles
were bunched inside a separatrix in the phase plane. Note that this situation is a starting
one for resonant accelerators where the main aim is to force them to absorb the field
energy. The prescription is well known: one should move the bucket up in €Nergy space
with a frequency time modulation as in proton synchrotrons or with a spatial modulation
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of parameters (drift tubes length) as in linear proton accelerators. Our aim is an opposite
one - to shift the resonance energy down for a fixed frequency. The phase stability
mechanism does the rest if the rate of the forced energy variation is not too large.

Practically this can be done with variations of the undulator period along the particles
path or, as they say, with a tapered wiggler. (The name originates from helical undulators
with a common excitation current where a change of a perid length is conjugated with a
change of the apperture.) Both theoretically and experimentally an efficiency of orders
of tens per cent was proved at least in the infrared domain. Unfortunately, the scheme
has two disadvantages. Firstly, the undulator period being a rather stressed parameter
has to be decreased further. Secondly, the radiation field level must be matched with the
period variation (like in proton linacs). This restricts the tunability which is one of the
most valuable features of FELs. Let me just express my hope that it is not the last word
in the history of this invention.
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